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EXISTENCE, UNIQUENESS AND NUMERICAL
RESULTS ON ψ−HILFER FRACTIONAL

DIFFERENTIAL EQUATIONS

RANJINI, M. C., SHABNA, M. S,, SHAMEEMA, V.

(Received : 18 - 08 - 2023 ; Revised : 09 - 10 - 2025)

Abstract. This study addresses the fractional order system in terms

of ψ−Hilfer fractional differential equations. The Banach Contraction

principle and the non-compactness measure are used to analyse the

existence and uniqueness of the mild solution. The generalization of

Leibnitz type rule is applied to find the series solution of ψ−Hilfer

Riccati fractional differential equations. Further, an approximate so-

lution to Hilfer-Katugampola Ricatti fractional differential equation

(HKR-FDE), based on operational matrix and collocation techniques,

is presented using fractional order Euler Polynomials (FEPs). The

convergence and error bounds of the proposed method are also evalu-

ated. Numerical examples are demonstrated to show the accuracy of

the suggested method.

1. Introduction

Since the introduction of fractional calculus, numerous definitions and

proofs for fractional integrals and derivatives, employing various kernels

and addressing diverse applications have been developed. Due to its wide-

spread use in both pure and applied mathematics over the past few decades,

fractional calculus has attracted significant attention from researchers [1, 2,

3, 4, 5, 6, 7, 8]. However, selecting appropriate operators can be challenging

for those interested in studying fractional calculus.

One approach to addressing this issue is the adoption of more inclu-

sive and generalized terminology. A notable contribution in this regard is

the ψ-Hilfer fractional derivative, introduced by Sousa and Oliveira [10].
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One of the key advantages of the ψ-Hilfer fractional operator lies in its

flexibility with respect to the order and type of classical differential opera-

tors. This adaptability enables the definition of a broader class of fractional

derivatives. In particular, the ψ-Hilfer derivative generalizes several known

operators as special cases, including the ψ-Caputo, ψ-Riemann–Liouville,

Chen, Weyl, Hilfer, and Hilfer–Katugampola derivatives.

Although the ψ-Hilfer derivative offers these advantages, researchers

often face challenges when defining associated operators such as the frac-

tional differential operator or determining suitable kernel functions. A ma-

jor difficulty arises from the arbitrariness of the kernel, which complicates

the derivation of fundamental properties typically associated with classical

derivatives. One way to mitigate this issue is by employing specific kernel

types within the Caputo-type fractional derivative defined with respect to

another function [3]. Nevertheless, even with such refinements, the selection

of appropriate kernels for the ψ-Hilfer derivative remains an open area for

further research. Several authors have contributed to the advancement of

ψ-Hilfer-type fractional derivatives. For instance, Vanterler and Capelas de

Oliveira [12, 13] introduced a Leibniz-type rule and a generalized Gronwall

inequality involving fractional integrals with respect to another function.

Nelson Vieira et al. [18] studied time-fractional diffusion equations involv-

ing the ψ-Hilfer derivative. Moreover, researchers such as [15, 16] have

explored the use of the ψ-Hilfer derivative in the study of hybrid differen-

tial equations. Norouzi et al. [17] investigated the existence and uniqueness

of mild solutions to ψ-Hilfer fractional differential equations using the Ba-

nach contraction principle and the measure of non-compactness. As an

application, they analyzed a financial crisis model.

Furthermore, numerous studies have addressed existence, uniqueness,

and approximate solutions of fractional equations involving the ψ-Hilfer

operator using various fixed-point theorems [10, 11, 12, 17].

In our study, we consider the ψ−Hilfer fractional differential equation given

by: HDα, ν;ψa0+ p(u) = q(u, p(u)), a.e u ∈ J = [a0, T ],

p(u0) = ϕ0
(1.1)

where HDα, ν ;ψa0 (·) is the ψ−Hilfer fractional derivative with 0 < α < 1, 0 ≤
ν ≤ 1, α ≤ Υ = α+ ν − αν < 1 and q ∈ C1−Υ;ψ(J × R,R). I = [a0, a0 + a]
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is a bounded interval in R for some a0.

We employ the measure of non-compactness and the Banach contrac-

tion principle to establish the existence and uniqueness of solutions, re-

spectively. As the application of fractional differential equations (FDEs) in

modeling real-world phenomena continues to grow [19], there is a rising de-

mand for accurate and efficient numerical techniques for their analysis. In

our previous works [20, 21, 22, 23], we developed numerical methods based

on Fractional Euler Polynomials (FEPs) to solve a variety of FDEs involv-

ing operators such as Caputo, conformable, Caputo–Fabrizio, and related

derivatives. Building on this foundation, we now extend the methodology

to encompass the generalized ψ-Hilfer fractional derivative. Specifically, we

propose an operational matrix-based approach for the numerical solution

of the Hilfer–Katugampola Riccati fractional differential equation (HKR-

FDE) with initial conditions, thereby broadening the applicability of the

FEP framework. The proposed method transforms the FDE into a system

of equations using operational matrix and collocation techniques.

This paper is set up as follows: Section 2 presents several fundamental

lemmas and definitions. Additionally, it contains a few findings that are

necessary to support our main findings. In Section 3 we analyse the exis-

tence and uniqueness of the mild solution for the given ψ− Hilfer fractional

differential equation (1.1), with initial condition and provided a series so-

lution using the generalisation of the Leibniz type rule. In Section 4, an

operational matrix for the Hilfer-Katugampola fractional differential oper-

ator is constructed. In Section 5, we present an approximation method

based on operational matrices to solve HKR-FDE with initial condition.

We estimate the error bounds for the numerical solution in Section 6. In

Section 7, we solve a few examples and compare the outcomes for various

ρ values. In Section 8, a conclusion is provided.

2. Preliminaries

A few definitions, properties, and lemmas of the fractional calculus the-

ory are provided in this section.

Let I = [a, b], (0 < a < b < ∞) be finite interval on the half axis R+ and

let C[a, b] be the space of continuous functions, ACk[a, b] be the space of
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all k−times absolutely continuous functions and Ck[a, b] be k-times contin-

uously differentiable functions on [a, b] with the norm.

Define, ||p||C[a,b] = max
u∈[a,b]

|p(u)|. (2.1)

The weighted space CkΥ;ψ[a, b] of continuous p on (a, b] is defined by:

CkΥ;ψ[a, b] = {p : (a, b] → R; (ψ(u)− ψ(a))Υp(u) ∈ C[a, b]}, (2.2)

0 ≤ Υ < 1 with the norm

||p||CΥ;ψ[a, b] = ||(ψ(u)− ψ(a))Υp(u)||C[a,b] = max
u∈[a,b]

|(ψ(u))− ψ(a))Υp(u)|.

The weighted space CnΥ;ψ[a, b] of continuous p on (a,b] is defined by:

CkΥ;ψ[a, b] = {p : (a, b] → R; p(u) ∈ Ck−1[a, b]; p(k)(u) ∈ CΥ, ψ[a, b]},

0 < Υ < 1with the norm ∥p∥CkΥ;ψ [a,b]
=

k−1∑
i=0

∥p(i)∥C[a,b] + ∥p(k)∥CΥ;ψ [a,b].

Definition 2.1. [1] Let (a, b) (−∞ ≤ a < b ≤ ∞), be a finite interval (or

infinite) of the real line R and let α > 0. Also let ψ(u) be an increasing and

positive monotone function on (a, b], having a continuous derivative ψ′(u)

on (a, b). The left-sided fractional integral of a function p with respect to

a function ψ on [a,b] is defined by:

Iα;ψa+ p(u) =
1

Γ(α)

∫ u

a
ψ′(s)(ψ(u)− ψ(s))α−1p(u)ds. (2.3)

Definition 2.2. [1] Let ψ′(u) ̸= 0, (−∞ ≤ a < b ≤ ∞) and α > 0, k ∈ N.
The Rieman-Liouville derivative of a function with respect to ψ of order α

is defined by:

Dα;ψp(u) =

(
1

ψ′(u)

d

du

)k
Ik−α;ψp(u).

Definition 2.3. [10] Let k − 1 < α < k with k ∈ N, let I = [a, b] be

an interval such that −∞ ≤ a < b ≤ ∞ and let p, ψ ∈ Ck[a, b] be two

functions such that ψ is increasing and ψ′(u) ̸= 0, for all u ∈ I. The left-

sided ψ−Hilfer fractional derivative HDα, ν;ψa+ (·) of a function p of order α

and type 0 ≤ ν ≤ 1, is defined by

HDα, ν;ψa+ p(u) = I
ν(k−α);ψ
a+

(
1

ψ′(u)

d

du

)k
I
(1−ν)(k−α);ψ
a+ p(u). (2.4)
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Definition 2.4. For the class of all bounded subsets MU of the metric

space U , a map µ : MU → [0,∞) is called a measure of non-compactness

on U , if the following properties are satisfied for M1,M2 ∈ MU .

C1: : µ(M) = 0 if and only if M is pre compact,

C2: :µ(M) = µ(M),

C3: :µ(M1 ∪M2) = max{µ(M1), µ(M2)}.

Lemma 2.5. [10] If p ∈ Ck[a, b], 0 < α < 1 and 0 ≤ ν ≤ 1, then

Iα;ψa+
HDα, ν;ψa+ p(u) = p(u)−

k∑
i=1

(ψ(u)− ψ(a))Υ−i

Γ(Υ− i+ 1)
p
[k−i]
ψ I

(1−ν)(k−α);ψ
a+ p(a).

Lemma 2.6. [10] If p ∈ C1[a, b], 0 < α < 1 and 0 ≤ ν ≤ 1, then

HDα, ν;ψa+ Iα;ψa+ p(u) = p(u). (2.5)

Lemma 2.7. [12] Let (a, b] with −∞ ≤ a < b ≤ ∞ an interval in real line,

α > 0 and ψ(u) a monotone growing and positive function in [a, b], whose

derivative is continuous in (a,b). Thus,

Iα;ψa+ p(u) =
∞∑
k=0

(
−α
k

)
p(k)(u)

(ψ(u)− ψ(a))α+k

Γ(α+ k + 1)
,

and the left fractional integral of a two-function product is given by:

Iα;ψa+ (pf)(u) =
∞∑
k=0

(
−α
k

)
p(k)(u)Iα+k;ψa+ ,

where p(k)(u) is the k−th derivative of the entire order and u > a.

Theorem 2.8. (Banach contraction principle) For a non-empty com-

plete metric space (E, d), let 0 ≤ K < 1 and let the mapping A : E → F

satisfy the inequality d(Ax,Ay) ≤ Kd(x, y) for every x, y ∈ E. Then, A

has a uniquely determined fixed point x∗. Furthermore, for any x0 ∈ E, the

sequence (Aj(x0))
∞
j=1 converges to this fixed point x∗.

Theorem 2.9. (Monch’s Fixed Point Theorem) Let Y be a bounded,

closed and convex subset of a Banach space X such that which contains

0 and let A be a continuous mapping of Y into itself. If the implication

E = convA(E) or E = A(E) ∪ {0} =⇒ E is compact holds for every

subset E of Y, then A has a fixed point.

The Hilfer-Katugampola is a special case of ψ−Hilfer operator. We

denote HDα, ν;ψa+ , ψ = uρ and ν → 0 as HKDα, ρa+ .
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Definition 2.10. [24] Let v ∈ C, Re(v) ≥ 0 and ρ > 0 then, for all

0 ≤ a < u < b ≤ ∞, the definition of the Hilfer-Katugampola derivative is

defined by

HKDα, ρa+ p(u) =
ρα

Γ(1− α)

∫ u

a

p′(s)

(uρ − sρ)α
ds. (2.6)

The Hilfer-Katugampola fractional operator HKDα, ρa+ holds the following

properties:

1.: HKDα, ρa+ (ap+ bq) = a HKDα, ρa+ (p) + b HKDα, ρa+ (q), for all a, b ∈ R,
2.: HKDα, ρa+ p(u) = 0, for all constant functions p(u) = λ, λ ∈ R,

3.: HKDα, ρa+ (urα) =
rαρα−1Γ( rα

ρ
)

Γ( rα
ρ
+1−α) u

α(r−ρ).

Proposition 2.11. [24] Let 0 < a < b < ∞ and 0 < α ≤ 1. Let m be

an arbitrary non negative integer and n = ⌊(m + 1)α⌋. Let p ∈ ACnΥ[a, b]

and suppose HKD(m+1)α, ρ
a+ p ∈ C[a, b]. Then the Taylor-Lagrange formula

involving the generalized Caputo type fractional derivatives writes

p(u) =

m∑
j=0

(
uρ − aρ

ρ

)jα HKDjα, ρa+ p(a)

Γ(jα+ 1)
+

(
uρ − aρ

ρ

)(m+1)α HKD(m+1)α, ρ
a+ p(ϵ)

Γ((m+ 1)α+ 1)
.

(2.7)

Definition 2.12. [25] The fractional order Euler polynomial (FEP) with

order jα, α > 0 is defined as follows:

Eαj (u) =
1

j + 1

j+1∑
k=1

e(j,k)u
(j+1−k)α, j = 0, 1, ..., m, (2.8)

where ej, k = (2 − 2k+1)

(
j + 1

k

)
Bk and Bk = Bk(0) is the Bernoulli

number for each k = 0, 1, ..., j.

Let Eα(u) = [Eα0 (u), E
α
1 (u), ...E

α
m(u)]

T and Uα =
[
uα, u2α, · · ·umα

]T
.

Then Eαcan be expressed as [26] Eα(u) = BαUα, (2.9)
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(2.10)

Let C = [c0, c1, ..., cm], p(u) ∈ L2[0, 1] and f(u) =
∞∑
i=0

ciE
α
i . (2.11)

Then C = [c0, c1, ... , cm] can be evaluated from the following relation [26],

CT = ATD−1, (2.12)

where AT = [a0, a1, a, ... , am], aj =

∫ 1

0
Eαj (u)f(u)u

1−αdu,

D = [dαij ], dij =

∫ 1

0
Eαi (u)E

α
j (u)u

1−αdu.

3. Existence and Uniqueness results

Lemma 3.1. Any function satisfies the IV P given byHDα,ν;ψa0+ p(u) = q(u, p(u)), a.e u ∈ J = [a0, T ],

p(u0) = ϕ0,
(3.1)

satisfies the Volterra integral equation

p(u) = ϕ0 +
1

Γ(α)

∫ u

a0

ψ′(s)(ψ(u)− ψ(s))α−1q(s, x(s))ds. (3.2)

Proof. Let us assume to have the ψ−Hilfer fractional differential equation

(1.1) and prove that p(u) ∈ C ([a0, T ], E) satisfies the Volterra integral

equation (3.2). By properties of ψ−Hilfer fractional derivative, for Υ =

α+ ν(n− α) we have

HDα, ν;ψp(u) = Iν(n−α);ψDΥ, ψp(u) = IΥ−α;ψDΥ;ψp(u), (3.3)

Using equation (3.3), we have
HDα, ν;ψp(u) = q(u, p(u)), IΥ−α;ψDΥ;ψp(u) = q(u, p(u)). Applying Iα;ψ on

both sides of the equation, Iα;ψIΥ−α;ψDΥ;ψp(u) = Iα;ψq(u, p(u))

IΥ;ψDΥ;ψp(u) = Iα;ψq(u, p(u))
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p(u)− p(u0) =
1

Γ(α)

∫ u

a0

ψ′(s) (ψ(u)− ψ(s))α−1 q(s, p(s))ds

p(u) = ϕ0 +
1

Γ(α)

∫ u

a0

ψ′(s) (ψ(u)− ψ(s))α−1 q(s, p(s))ds.

Now let us assume that p(u) ∈ C ([a0, T ], E) satisfies the volterra integral

equation (3.2) and prove that the ψ−Hilfer fractional differential equation

(1.1) holds.

By applying HDα, ν;ψ to both sides of the equation (3.2), we can obtain:

HDα, ν;ψp(u)

=H Dα, ν;ψϕ0 +H Dα, ν;ψ
[

1

Γ(α)

∫ u

a0

ψ′(s) (ψ(u)− ψ(s))α−1 q(s, p(s))ds

]
=H Dα, ν;ψϕ0 + IΥ−α;ψDΥ, ψ

[
1

Γ(α)

∫ u

a0

ψ′(s) (ψ(u)− ψ(s))α−1 q(s, p(s))ds

]
= IΥ−α;ψ

(
1

ψ′(u)

d

du

)n
I(1−ν)(n−α) ;ψ×[

1

Γ(α)

∫ u

a0

ψ′(s) (ψ(u)− ψ(s))α−1 q(s, p(s))ds

]
= IΥ−α;ψ

(
1

ψ′(u)

d

du

)n
In−νn+α, ν;ψq(u, p(u)).

Hence, we obtain: HDα, ν;ψp(u) = IΥ−α;ψDΥ−α;ψq(u, p(u)) = q(u, p(u)).

□

Definition 3.2. A function p(u) ∈ C ([a0, T ], E) is said to be a mild solu-

tion of the systemHDα, ν;ψa0+ p(u) = q(u, p(u)), a.e u ∈ J = [a0, T ],

p(u0) = ϕ0

if it satisfies the equation

p(u) =ϕ0 +
1

Γ(α)

∫ u

a0

ψ′(s)(ψ(u)− ψ(s))α−1q(s, p(s))ds, u ∈ [a0, T ].

Theorem 3.3. Under the assumptions:

(A1): For the Banach space X (real or complex), q : I × X → X,

the function u → q(u, p(u)) is measurable on I, ∀p ∈ X and the

function p→ q(u, p(u)) is continuous on X for a.e u ∈ [a0, T ],
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(A2): There exist K > 0 such that

∥q(u, p1)− q(u, p2)∥ < K∥p1 − p2∥, ∀u ∈ [a0, T ] ∀p1, p2 ∈ X,

the IVP (1.1) has a unique mild solution on [a0, T ], provided K ≤ Γ(α)
ψ(T )1−α .

Proof. Consider the operator T : C1−α(J,X) → C1−α(J,X) on [a0, T ] by:

(Fp)(u) = ψ(u)α−1p(u0) + Iα,ψq(u, p(u)).

Choose M1 = sup
u∈[a0,T ]

∥q(u0, p(u0))∥ and ψ(a0) = 0.

Let Br = {p ∈ C1−α(J,X), ∥p∥α ≤ r}, where r ≥ 2

[
|ϕ0|+

M1ψ(t)

Γ(α+ 1)

]
.

Then ψ(u)1−α∥(Fp)(u)∥ ≤

|ϕ0|+
ψ(u)1−α

Γ(α)

∫ u

a0

ψ′(s)(ψ(u)− ψ(s))α−1∥q(s, p(s))∥ds

≤ |ϕ0|+

ψ(T )1−α

Γ(α)

∫ u

a0

ψ′(s)(ψ(u)− ψ(s))α−1 [∥q(s, p(s))− q(s, ϕ0)∥+ ∥q(s, ϕ0)∥] ds

≤ |ϕ0|+
ψ(T )1−α

Γ(α)
∥q(s, p(s))− q(s, ϕ0)∥α +

M1ψ(T )

Γ(α+ 1)

≤ |ϕ0|+
M1ψ(T )

Γ(α+ 1)
+
ψ(T )1−α

Γ(α)
B(α,α)r ≤ r,

which proves that F (Br) ⊂ Br. Now take p1, p2 ∈ C1−α(J,X), then we obtain

∥(Fp1)(u)− (Fp2)(u)∥ =

1

Γ(α)

∫ u

a0

ψ′(s)(ψ(u)− ψ(s))α−1∥q(s, p1(s))− q(s, p2(s))∥ds.

Multiplying ψ(u)1−α on both sides,

ψ(u)1−α∥(Fp1)(u)− (Fp2)(u)∥

= ψ(u)1−α
1

Γ(α)

∫ u

a0

ψ′(s)(ψ(u)− ψ(s))α−1∥q(s, p1(s))− q(s, p2(s))∥ds

≤ K

Γ(α)
ψ(T )1−α∥p1 − p2∥α.
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Which implies F is a contraction mapping. Hence by Banach fixed point

theorem, F has a unique fixed point, which is given by the mild solution

to the IVP (1.1). □

Theorem 3.4. The IVP (1.1) has at least one mild solution defined on I,

under the assumptions

(A1): For the Banach space X (real or complex), q : J × X → X,

the function u → q(u, p(u)) is measurable on J, ∀p ∈ X and the

function p→ q(u, p(u)) is continuous on X for a.e u ∈ [a0, T ],

(A2): There exist a function l ∈ L∞(I) such that :

∥q(u, p(u))∥ ≤ l(u) (1 + ∥u∥); ∀u ∈ J ; and p ∈ X,

(A3): µ(p(u,B)) ≤ m(u)µ(B); ∀B ⊂ X,

(A4): The function ψ(η) is uniformly continuous and ψ(a0) = 0,

hold and k = T ψ(T )α

Γ(α+1)m
∗ < 1.

Proof. Let us transform the IVP (1.1) into a fixed point theorem.

Consider the operator F : BC → BC on [a0, T ] defined by,

(Fu)(η) = ϕ0 +
1

Γ(α)

∫ η

a0

ψ′(s)[ψ(η)− ψ(s)]α−1q(s, u(s))ds.

Let τ > 0 such that τ ≥ Γ(α+1)∥ϕ0∥+T l∗ψ(T )α
1−l∗ψ(T )α .

Consider the ball Bτ = B(a0, τ) = {u ∈ BC : ∥u− a0∥BC ≤ τ}.
For any Bτ and t ∈ J,

∥(Fu)(η)∥ ≤ ∥ϕ0∥+
1

Γ(α)

∫ η

a0

ψ′(s)[ψ(η)− ψ(s)]α−1∥q(s, u(s))∥ds

≤ ∥ϕ0∥+
T l∗(1 + τ)

Γ(α)

∫ η

a0

ψ′(s)[ψ(η)− ψ(s)]α−1ds

≤ ∥ϕ0∥+
T l∗(1 + τ)ψ(T )α

Γ(α+ 1)
≤ τ.

Thus, ∥(Fu)(η)∥BC ≤ τ , which proves that F transforms the ball Bτ into

itself.

Now we will demonstrate that the operator F : Bτ → Bτ complies with the

Monch’s theorem’s assumptions. So, the succeeding three steps need to be

proven.

Step (1) : F : Bτ → Bτ is continuous:

Let {ζm}m∈N be a sequence such that ζm → ζ as m→ ∞ in Bτ .
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Then ∀η ∈ J , we’ll obtain:

∥(Fζm)(η)− (Fζ)(η)∥ =

1

Γ(α)

∫ η

a0

ψ′(s)[ψ(η)− ψ(s)]α−1∥q(s, ζm(s))− q(s, ζ(s))∥ds.

Since ζm → ζ as m → ∞ in Bτ and q is continuous, then by the

Lebesgue dominated convergence theorem, ∥(Fζm)(η) − (Fζ)(η)∥BC → 0

as m→ ∞. Then, F : Bτ → Bτ is continuous.

Step (2) : F (Bτ ) is bounded and equicontinuous.

F (Bτ ) bounded and F (Bτ ) ⊂ Bτ , implies that F (Bτ ) is bounded.
Let η, x ∈ I and let x < η, ζ ∈ Bτ ,

ψ(η)1−α∥(Fζ)(η)− (Fζ)(x)∥ = [ψ(η)− ψ(x)]1−α∥ϕ0∥+

[ψ(η)− ψ(x)]1−α

Γ(α)

∫ x

a0

ψ′(s)[ψ(η)− ψ(s)]α−1∥q(s, ζ(s))∥ds

≤ [ψ(η)− ψ(x)]1−α∥ϕ0∥+
[ψ(η)− ψ(x)]1−α

Γ(α+ 1)
l∗(1 + τ)[ψ(η)− ψ(x)]α

≤ [ψ(η)− ψ(x)]1−α∥ϕ0∥+
[ψ(η)− ψ(x)]

Γ(α+ 1)
l∗(1 + τ).

Since ψ(η) is uniformly continuous implies that the right hand side of the

above inequality converges to zero, as η → x.

Similarly the case η, x ∈ I, η < x can be proved, which implies that F (Bτ )
is equicontinuous.

Step (3) : The implication E = conv F (E) or E = F(E) ∪ {0} =⇒
E is compact holds:

Let E be a subset of Bτ such that E ⊂ F(E) ∪ {0}. From step (2), it is

clear that E is bounded and equicontinuous, hence u→ e(u) = µ(E(u)) is

continuous on J . Using the properties of measure µ, for each u ∈ J , we

obtain:

e(u) ≤ µ((FE)(u) ∪ {0}) ≤ µ((FE)(u))

≤ 1

Γ(α)

∫ u

a0

ψ′(s)(ψ(u)− ψ(s))α−1m(s)µ(E(s))ds

≤ ψ(T )α

Γ(α+ 1)
m∗
∫ u

a0

e(s)ds ≤ T
ψ(T )α

Γ(α+ 1)
m∗∥e∥∞.

=⇒ e(u) ≤ k∥e∥∞,where, k = T
ψ(T )α

Γ(α+ 1)
m∗ < 1.
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Now, ∥e∥∞ = 0 → e(s) = µ(E(u)) = 0, ∀u ∈ J.

Hence E(s) is relatively compact in X and E is relatively compact in Bτ .
By Ascoli-Arzela theorem, E is relatively compact in Bτ . Hence in view of

Monch’s fixed point theorem, we conclude that F has a fixed point which

is a mild solution of our IV P (1.1). □

Lemma 3.5. Consider the IV P (1.1) with q(u, p(u)) = f(u)p2(u)+g(u)p(u)

+q(u). The ψ−Hilfer Riccati fractional differential equation,HDα,ν;ψ1+ p(u) = f(u)p2(u) + g(u)p(u) + q(u)

u(a0) = ϕ0
(3.4)

will be equivalent to the volterra integral equation:

p(u) = ϕ0+
1

Γ(α)

∫ u

a0

ψ′(s)(ψ(u)−ψ(s))α−1(f(u)p2(u)+g(u)p(u)+q(u))ds.

(3.5)

Also by using lemma(2.7), the series solution is given by:

p(u) =
(ψ(u)− ψ(a0))

Υ−1

Γ(Υ)
I
(1−ν)(1−α);ψ
a0+ ϕ0 +

∞∑
k=0

(
−α
k

)
f (k)(u) Iα+k;ψa0+ p2(u)+

∞∑
k=0

(
−α
k

)
g(k)(u) Iα+k;ψa0+ p(u) + Iα+k;ψa0+ q(u). (3.6)

4. Operational Matrix

In this section, we approximate HKDα, ρa+ E
α(u) with an (m+1)×(m+1)

operational matrix P(m,α, ρ) for Eα(u).

We start with the third property of HKDα, ρa+ E
α(u).

HKDα, ρa+ (urα) =
rαρα−1Γ( rαρ )

Γ( rαρ + 1− α)
uα(r−ρ). (4.1)

Now applying (2.11) and (2.12), for r = 0, 1, ... , m

HKDα, ρa+ (urα) =
rαρα−1Γ( rαρ )

Γ( rαρ + 1− α)
uα(r−ρ) = nrE

α(u).
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where

nr = arD
−1,

ar = [ ar0, ar1, ... , arm] , D = [dij ],

ari =
rαρα−1Γ( rαρ )

Γ( rαρ + 1− α)

∫ 1

0
Eαi (u)u

α(r−ρ−1)+1du, i = 0, 1, ...m,

dij =

∫ 1

0
Eαi (u)E

α
j (u)u

1−αdu, i = 0, 1, ...m, j = 0, 1, ...m.

Then for Uα = [1, uα, u2α, . . . , umα].

HKDα, ρa+ Uα(u) = [n0, n1, ... nm]E
α(u) = Qα, ρEα(u), (4.2)

where Qm,α, ρ = [n0, n1, ... nm]E
α(u). Using equations (2.9) and (4.2) and

the properties of the fractional operator HKDα, ρa+ , we have

HKDα, ρa+ E
α(u) =HK Dα, ρa+ B

αUα(u) (4.3)

= BαHKDα, ρa+ U
α(u)

= BαQ(m,α,ρ)Eα(u).

Hence P(m,α, ρ) = BαQ(m,α, ρ) is the operational matrix of Eα(u).

5. Approximation Method

In this section, we develop an approximate solution for the Hilfer-

Katugampola Riccati differential equation (HKR-FDE) of the form,

HKDα, ρa+ p(u) = F (u) +G(u)p(u) +H(u)p2(u), 0 ≤ v ≤ 1. (5.1)

p(0) = p0, (5.2)

where p0 is given real number. Let pα(u) ≈ CTEα(u) be the numerical

solution for the above mentioned HKR-FDE. To determine CT , we approx-

imate F (u), G(u) and H(u) as follows:

p(u) ≈ CTEα(u), (5.3)

F (u) ≈ F TEα(u),

G(u) ≈ GTEα(u),

H(u) ≈ HTEα(u),
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where

F T =
[
f0 f1 ... fm

]
, GT =

[
g0 g1 ... gm

]
and HT =

[
h0 h1 ... hm

]
.

Then

HKDα, ρa+ p(u) =
HK Dα, ρa+ (CTEα(u)) = CT (P(m,α, ρ)Eα(u)). (5.4)

By applying equations (5.3) and (5.4) into equations (5.1) and (5.2), we get

CT (P(m,α, ρ)Eρ(u))− F TEα(x)−GTEα(u)(CTEα(u)) (5.5)

−HTEα(u)(CTEα(u)(Eα(u))TC) = 0.

and

[CTEρ(x)]x=0 = y0. (5.6)

By using equation (5.6), express one of the m + 1 unknown elements of

CT =
[
c0 c1 ... cm

]
in terms of the others and substituting in equation

(5.5), we get

CT (J (v, ρ)Eρ(x))− F TEρ(x)−GTEρ(x)(CTEρ(x)) (5.7)

−HTEρ(x)(CTEρ(x)(Eρ(x))TC) = 0.

Now we substitute m different values for u, { 1
m ,

2
m , . . . ,

m
m} in equation

(5.7), we obtain a system of algebraic equations from which the unknown

elements of the vector C can be determined.

6. Error Analysis

A function f(u) ∈ L2[0, 1] can be expressed as

f(u) ≈
m∑
i=0

CiEi(u) = CTEα(u) = fm(u). (6.1)

The error analysis of the proposed approximation is given by the following

theorem.

Theorem 6.1. Suppose that HKDkα, ρa+ ∈ C(0, 1] for k = 1, 2, ...,m and

Pαm = span{Eα0 , Eα1 , ..., Eαm} is a vector space. If fm(u) is the best approxi-

mation of f out of Pαm, then the mean error bound is presented as follows:

∥f − fm∥ ≤ Mα, ρ

ρ(m+1)α (Γ((m+ 1)α+ 1)) 2ρ(2ρ(m+ 1)α+ 1)
,
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where

Mα, ρ ≥ | HK
sup
ϵ∈[0, 1]

D(m+1)α, ρ
a+ p(ϵ)|.

Proof. Consider the the generalized Taylor formula (2.7) with a = 0,

p(u) =
m∑
j=0

(
uρ

ρ

)jα HKDjα,ρa+ p(0)

Γ(jα+ 1)
,

|f(u)− p(u)|22 ≤Mα, ρ
(xρ − aρ)(m+1)α

ρ(m+1)αΓ((m+ 1)α+ 1)
.

Since fm is the best approximation of f from Pαm and p ∈ Pαm, we have,

∥f − fm∥22 ≤ ∥f − p∥2

=

∫ 1

0
(f(u)− p(u))2 du

=

∫ 1

0

M2
α, ρ

ρ2(m+1)α (Γ((m+ 1)α+ 1))2
u2ρ(m+1)α du

=
M2
α,ρ

ρ2(m+1)α (Γ((m+ 1)α+ 1))2

∫ 1

0
u2ρ(m+1)α du

=
M2
α, ρ

ρ2(m+1)α (Γ((m+ 1)α+ 1))2 2ρ(2ρ(m+ 1)α+ 1)
.

The theorem is proved by taking the square roots. Therefore the proposed

approximations of f(x) are convergent. □

7. Numerical Examples

In this section, we apply the proposed technique to solve some examples

for Hilfer-Katugampola riccati FDE numerically.

Example 7.1. Consider the following fractional differential equation:

HKD0.8, ρ
a+ p(u) =

5

8
e−4u − 5

8
+

5

2
u, (7.1)

p(0) = 0. (7.2)
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The exact solution to this equation is

p(u) =
1

ρα

∫ u

a
ρsρ−1(uρ − sρ)α−1

(
5

8
e−4s − 5

8
+

5

2
s

)
ds.

u
ρ = 0.1 ρ = 0.2 ρ = 0.3

α = 4/5 α = 3/5 α = 2/5 α = 4/5 α = 3/5 α = 2/5 α = 4/5 α = 3/5 α = 2/5

0.2 1.346635E-5 8.025498E-7 3.081248E-5 8.408785E-6 5.355401E-7 1.852883E-5 4.876254E-6 3.160649E-7 1.117184E-5
0.4 1.822872E-5 3.657922E-7 2.779037E-5 1.288457E-5 1.291565E-7 1.623101E-5 9.097952E-6 5.580321E-8 9.492119E-6
0.6 2.537227E-5 1.724002E-7 2.646559E-5 1.977184E-5 3.871871E-7 1.497033E-5 1.574126E-5 5.48041E-7 8.508192E-6
0.8 3.401546E-5 7.8E261E-7 2.485556E-5 2.830253E-5 9.845266E-7 1.387569E-5 2.415765E-5 1.131335E-6 7.557012E-6
1.0 4.363535E-5 1.440134E-6 2.378988E-5 3.799188E-5 1.641212E-6 1.313355E-5 3.390728E-5 1.783623E-6 7.108784E-6

Table 1. Absolute errors of the Example 7.1
for ρ = 0.1, ρ = 0.2, ρ = 0.3.

0 2 · 10−24 · 10−26 · 10−28 · 10−2 0.1

0

1

2

3

·10−2

u

p
(u
)

(a)

α = 4/5

α = 3/5

α = 2/5

0 2 · 10−24 · 10−26 · 10−28 · 10−2 0.1

0

1

2

3
·10−2

u

p
(u
)

(b)

α = 4/5

α = 3/5

α = 2/5

0 2 · 10−24 · 10−26 · 10−28 · 10−2 0.1

0

0.5

1

1.5

2

2.5

·10−2

u

p
(u
)

(b)

α = 4/5

α = 3/5

α = 2/5

Figure 1. Numerical solutions for Example 7.1 :
(a) ρ = 0.1 (b) ρ = 0.2 (c) ρ = 0.3.

We take α = 4/5, 3/5, 2/5 and ρ = 0.1, 0.2, 0.3 into consideration. Figure

1 displays the numerical solutions for each case, obtained withm = 16. The

absolute errors are presented in Table 1. The comparison of the solution

for various values of m = 8, 10, 12, 16 is also shown in Table 2. For, we

choose α = 4/5 and ρ = 0.1. The comparison of the results shows that as

the values of m increase, the error decreases.

u m = 8 m = 10 m = 12 m = 16

0.2 2.952702E-4 1.052324E-4 4.628915E-5 1.346635E-5
0.4 2.842574E-4 1.063239E-4 4.996402E-5 1.822872E-5
0.6 2.872725E-4 1.112992E-4 5.665746E-5 2.537227E-5
0.8 2.907455E-4 1.187983E-4 6.505289E-5 3.401546E-5
1.0 2.979202E-4 1.278021E-4 7.454548E-5 4.363535E-5

Table 2. Absolute errors of the Example 7.1
for m = 8, m = 10, m = 12, m = 16
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Example 7.2. Consider the following fractional differential equation:

HKDα, ρa+ p(u) = ραp(u), (7.3)

p(0) = 1. (7.4)

The exact solution to this equation is

p(u) = Eα(u
ρα).

u
ρ = 0.5 ρ = 0.75

α = 0.25 α = 0.3 α = 0.4 α = 0.5 α = 0.75 α = 0.2 α = 0.3 α = 0.4 α = 0.5 α = 0.75

0 0 0 0 0 0 0 0 0 0 0
0.2 0.022052 0.036947 0.069861 0.099729 0.143020 0.000083 0.004681 0.0118424 0.020492 0.038279
0.4 0.025349 0.042490 0.080471 0.115199 0.167575 0.000094 0.005270 0.0133898 0.023322 0.044804
0.6 0.028640 0.048019 0.091022 0.130485 0.191045 0.001091 0.006088 0.0154987 0.027072 0.052621
0.8 0.031916 0.053523 0.101511 0.145648 0.214066 0.001265 0.007046 0.0179546 0.031412 0.061405
1.0 0.035205 0.059046 0.112032 0.160845 0.237033 0.001461 0.008131 0.0207340 0.036312 0.071339

Table 3. Absolute errors of the Example 7.2 for ρ = 0.5, ρ = 0.75.

The solutions based on FEFs are shown in Figure 2 for α = 0.2, 0.3, 0.4, 0.5,

0.75 withm = 16 and ρ = 0.5 fixed values. We determine the absolute error

between the analytic solution and approximate solution for distinct values

of ρ and α and present it in Table 3.

0 0.2 0.4 0.6 0.8 1

·10−2

1

1.5

2

u

p
(u
)

(a)

α = 0.25
α = 0.3
α = 0.4
α = 0.5
α = 0.75

0 0.2 0.4 0.6 0.8 1

·10−2

1

1.2

1.4

1.6

1.8

2

2.2

u

p
(u
)

(b)

α = 0.2
α = 0.3
α = 0.4
α = 0.5
α = 0.75

Figure 2. Numerical solutions for Example 7.2 :
(a) ρ = 0.5 (b) ρ = 0.75.

Robustness with respect to ρ > 1.5: To examine the robustness of the

proposed numerical method, we extended our analysis to include values of

the parameterρ > 1.5. Table 4 presents the absolute errors for the numerical

solution of the Example 7.2 based on fractional Euler polynomials, for

ρ = 1.6, 1.8, and 2.0. For all these cases, the numerical results remained
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highly accurate and stable. No changes to the algorithm or parameter

tuning were necessary, indicating that the method is robust with respect

to variations in ρ, even beyond the commonly tested interval. This further

confirms the reliability and adaptability of the proposed scheme across a

wider class of fractional problems.

u ρ = 1.6 ρ = 1.8 ρ = 2.0

0.2 7.955275E-5 2.798311E-5 3.504801E-5
0.4 6.345917E-5 2.231967E-5 6.602228E-6
0.6 6.522533E-5 2.424771E-5 1.224123E-5
0.8 7.542861E-5 3.045374E-5 3.586186E-5
1.0 9.420751E-5 4.197421E-5 7.345388E-5

Table 4. Absolute errors for large values of ρ at α = 0.4.

Example 7.3. Consider the following fractional differential equation:

HKDα, ρa+ p(u) = 1− p2(u), (7.5)

p(0) = 0. (7.6)

The exact solution to this equation for ρ = 1 is

p(u) =
e2u − 1

e2u + 1
.

0 0.5 1 1.5

0
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Figure 3. Exact and approximated solutions for Example 7.3.

y(x) = e2x−1
e2x+1

is the exact solution to this initial value problem for ρ = 1.

For α = 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, the approximate solutions are

evaluated and shown in Table 5.
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A graphical representation of the solution is presented in Figure 3. The

tabulated results demonstrate the applicability of the presented method

for fractional differential equations of the Riccati type involving Hilfer-

Katugampola derivatives.

u α = 0.5 α = 0.6 α = 0.7 α = 0.8 α = 0.9 α = 1 Exact

0.2 0.54731535 0.55916665 0.43264376 0.33199126 0.25529144 0.19738357 0.19737532
0.4 0.75531541 0.74377191 0.63653001 0.53754341 0.45193649 0.37995631 0.37994896
0.6 0.85404854 0.84076339 0.76125687 0.68090898 0.60541095 0.53705567 0.53704957
0.8 0.90667486 0.89665463 0.84026737 0.7801570 0.72064492 0.66404156 0.66403677
1.0 0.9386879 0.93071876 0.89139412 0.84832065 0.80446828 0.76159757 0.76159416

Table 5. Absolute errors of the Example 7.1
for α = 0.5, α = 0.6, α = 0.7, α = 0.8, α = 0.9, α = 1.

Example 7.4. Consider the following fractional differential equation:

HKDα, ρa+ p(u) = 2p(u)− p2(u) + 1, (7.7)

p(0) = 0. (7.8)

We solve this initial value problem numerically by considering α = 0.7, 0.8,

0.9, 0.95, 1.0, m = 16. The results are presented in Table 6 and Figure 4.

u α = 0.7 α = 0.8 α = 0.9 α = 0.95 α = 1 Exact

0.2 0.69875433 0.45499423 0.3301928 0.2820445 0.24170381 0.2419768
0.4 1.269093 0.93662822 0.72763514 0.64183817 0.56746495 0.56781217
0.6 1.6990768 1.3867159 1.1526226 1.0481063 0.95318379 0.95356622
0.8 1.9824445 1.743872 1.5392232 1.4402822 1.3460041 1.3463637
1.0 2.1560589 1.994476 1.8433818 1.7659131 1.6892167 1.6894984

Table 6. Absolute errors of the Example 7.4
for α = 0.7, α = 0.8, α = 0.9, α = 0.95, α = 1.
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Figure 4. Exact and approximated solutions for Example 7.4.
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The exact solution to this equation for ρ = 1 is

p(u) = 1 +
√
2 tanh(

√
2u+

1

2
log(

√
2− 1√
2 + 1

)).

8. Conclusion

In this work, we have established new analytical and numerical frame-

works for ψ−Hilfer fractional differential equations. By employing various

fixed point theorems, we demonstrated the existence and uniqueness of

mild solutions, and further derived exact series solutions for ψ−Hilfer Ric-

cati equations using a generalized Leibniz rule. Besides that, a numerical

method to solve Hilfer-Katugampola Riccati FDE with an initial condi-

tion is also presented. The solution is approximated in terms of FEPs and

the FDE is converted into a set of algebraic equations. The error analysis

of the solution is also discussed. Further, several numerical examples are

presented to show the efficiency of the suggested method.

To the best of our knowledge, there is currently no numerical method

in the literature that addresses ψ−Hilfer fractional differential equations

for arbitrary kernel functions ψ. Our approach not only fills this gap but is

also inherently adaptable, allowing for extension to even more generalized

fractional operators. Our method uniquely combines operational matrices

with direct comparisons to exact solutions, enabling a more comprehen-

sive evaluation of numerical performance. Future work could extend these

techniques to variable order ψ−Hilfer operators, integrate machine learn-

ing strategies for high dimensional or data driven problems, and ψ−Hilfer

generalized proportional fractional operators, as recent research has begun

to explore their properties and applications.

Acknowledgement: We are grateful to the referee for the comments

which improved the quality of the paper.
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Constructing a robot that can accomplish this task autonomously is called

the motion planning problem.

Roughly speaking, the motion planning problem is equivalent to �nding

a �nice� algorithm that assigns to each given pair of positions (A,B) a con-

tinuous motion of the system from A to B. Ideally, such an algorithm with

the least possible complexity is desired. Clearly, the con�guration space

inside which the system is required to move in a continuous fashion can

in�uence the complexity of the above algorithm. That is where the motion

planning problem becomes interesting to a topologist. Based on various

topological features of the con�guration space in question, one can hope

to provide a topological measure of the complexity of the motion planning

problem. This topological viewpoint on the motion planning problem was

�rst given at the dawn of the 21-st century by Michael Farber. His work was

inspired by the earlier work of Stephen Smale [64] and Victor Vasiliev [66]

from the 1980s on the topological complexity of algorithms for solving poly-

nomial equations. Farber introduced the notion of �topological complexity

of a topological space�, developed its theory, and provided some examples

and applications of his notion in [23].

Since then, topological complexity has become an active area of re-

search in topology, and the �eld has seen signi�cant progress in the last 24

years, with remarkable contributions from both theoretical topologists and

engineers. The reasons are twofold. First, it provides a robust approach

to attacking the general motion planning problem in robotics. This has

led to progress in the �elds of arti�cial intelligence and the control and

kinematics of mechanical systems. Second, and perhaps more important

to mathematicians, is the fact that topological complexity has deep con-

nections with many classical subjects and problems in algebraic, geometric,

and di�erential topology. Computing the topological complexity of a space

turns out to be a very challenging task. As we will see in this paper, various

techniques from algebraic topology are needed to estimate it. In fact, topo-

logical complexity has pushed a great deal of research in many branches of

algebra, geometry, and topology, and has also encouraged the use of novel

techniques coming from outside of topology.

This paper is organized as follows. We start by de�ning the notion of

topological complexity (TC) of spaces in Section 2 using the classical motion



HISTORY OF TOPOLOGICAL COMPLEXITY 25

planning problem. Then, we recall a classical invariant, the Lusternik�

Schnirelmann category, in Section 3 and explain how it relates to TC. In

Section 4, we mention some primary topological tools that are often helpful

in computing TC. We discuss some advanced motion planning problems

in Section 5 and explain how the notion of TC is suitably modi�ed for

each of these problems. In Section 6, we survey some newer tools and

techniques that were employed in computations of TC. We then discuss

a few more versions of TC in Section 7 that were motivated primarily by

mathematical curiosity. In Section 8, we comprehensively survey the work

between 2014 and 2019 on computing TC of several interesting classes of

spaces. After this, we proceed to review various remarkable generalizations

and extensions of the notion of TC in Section 9. We end this paper in

Section 10 by summarizing some of the most recent advancements in the

�eld of topological robotics that happened in the last year.

Declaration. The list of authors and their �major� contributions to the

�eld of topological complexity given in this paper is not exhaustive. We do

not claim that the historical account we give is complete (in fact, it is not)!

It is impossible to include all important contributions to this �eld, so an

attempt has been made to list some of the most remarkable ones that �t the

narrative and �ow of this article. The author apologizes for not mentioning

any names or contributions that he should have mentioned.

As a convention, when introducing an author for the �rst time in this

paper, we use their full (o�cial) name. In subsequent mentions, we only

use their last name.

2. Topological complexity

Smale's topological approach to the study of the complexity of algo-

rithms for solving polynomial equations involved measuring the number

of paths of computation that a �real number� machine requires to �nd a

polynomial root. A few years after this, Jean-Claude Latombe provided a

general theory of robot motion planning algorithms in 1991. Let X denote

the con�guration space1 of a robot and X ×X be the space of all ordered

pairs of positions (x, y) in X. A motion planning algorithm is a function

that assigns to each (x, y) a continuous motion of the system from x to y

inside X. Inspired, in part, by Latombe's work [50], Farber provided the

1All the topological spaces considered in this paper are path-connected.
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modern formulation of the theory that formalizes the above motion planning

problem for robots in the following way.

Let P (X) = {f | f : [0, 1] → X} denote the path space of X. A motion

planning algorithm on X ×X is a continuous map s : X ×X → P (X) such

that s(x, y)(0) = x and s(x, y)(1) = y for each (x, y) ∈ X ×X. A natural

question is: when does such an algorithm exist? Unfortunately, not most

of the time!

Theorem 2.1 (Farber). A motion planning algorithm on X ×X exists if

and only if X is contractible.

Hardly any mechanical system in the real world has a contractible con-

�guration space. Hence, a certain amount of discontinuity is inevitable in

motion planning. So, instead of hoping for a full motion planning algorithm

on X × X, we can partition X × X into �nitely many �nice� patches and

hope for a partial algorithm on each one of them. To obtain the minimal

degree of discontinuity or instability in the motion of a system with con-

�guration X, we want to minimize the number of such partial algorithms.

This idea brings to life Farber's topological complexity.

De�nition 2.2. The topological complexity of a space X, denoted TC(X),

is the smallest integer n such that there exist open sets U1, U2, . . . , Un+1 that

cover X×X and continuous maps si : Ui → P (X) satisfying si(x, y)(0) = x

and si(x, y)(1) = y for each (x, y) ∈ Ui.

De�nition 2.3 (Relative version). Given a subspace A ⊂ X × X, the

topological complexity of A relative to X, denoted TCX(A), is the smallest

integer n such that there exist sets V1, V2, . . . , Vn+1 that are open in A and

cover A and continuous maps si : Vi → P (X) satisfying si(a, b)(0) = a and

si(a, b)(1) = b for each (a, b) ∈ Vi.

It is easy to see that TCX(X ×X) = TC(X).

Remark 2.4. We note that in the original de�nition [23], it was said that

TC(X) ≤ n if and only if there exist n number of open sets Ui that cover

X×X and their corresponding partial motion planners. However, the above

de�nition is the new convention in the modern study of TC where n+1 open

sets are taken instead of n open sets to achieve the criterion that TC(X) = 0

if and only if X is contractible. This is often described as the normalized

form of topological complexity.
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Intuitively, TC(X) is a measure of the discontinuity of motion planners

in X. Unless X is contractible, there is some discontinuity, i.e., TC(X) ≥ 1.

After this de�nition, the mathematical interest was to study this number

TC and determine it for various classes of spaces. In his paper [23], Farber

proved that TC is a homotopy invariant of spaces, meaning, if X and Y

are homotopy equivalent spaces, then TC(X) = TC(Y ). This showed that

TC depends only on the homotopy type of spaces and hence satis�es the

basic desire of an algebraic topologist. But it turns out, it is not easy to

determine TC(X) precisely, even for standard spaces.

Example 2.5. Consider X = S1, the unit circle. Since S1 is not con-

tractible, TC(S1) ≥ 1. Farber demonstrated in [23] that the open sets

U1 = {(x, y) | x ̸= −y} and U2 = {(x, y) | x ̸= y} admit partial motion

planners and hence satisfy the conditions of De�nition 2.2, thereby imply-

ing TC(S1) ≤ 1. This determines TC(S1) = 1. This idea works for all

odd spheres S2n−1 due to the existence of nowhere-vanishing vector �elds.

Therefore, TC(S2n−1) = 1 is obtained for all n.

In general, the above technique does not work, even for all spheres. For

instance, Farber came up with three open sets that admit partial motion

planners in the case of X = S2. This gives the estimates 1 ≤ TC(S2) ≤ 2

but does not determine the exact value. Explicitly constructing the smallest

open cover of X ×X that satis�es the conditions of De�nition 2.2 is very

di�cult. So, tools and techniques from algebraic topology are needed to

estimate TC(X) by bounding it from above and below.

3. Lusternik�Schnirelmann category

Let us take a small detour in history so that we can see the bigger picture

later. In the 1920s, while studying the solutions of di�erential equations

on manifolds, Lazar Lyusternik (1899�1981) and Lev Schnirelmann (1905�

1938) aimed to provide a lower bound on the number of critical points of

any smooth function on a given manifold. For this purpose, they introduced

an invariant of a manifold in 1929, which they called its category [53]. The

following is the modern formulation of category given by Ralph Fox (1913�

1973) in 1941.
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De�nition 3.1 ([35]). The Lusternik�Schnirelmann category (or LS-category)

of space X, denoted cat(X), is the minimal number n such that there ex-

ist open sets U1, U2, . . . , Un+1 that cover X and whose inclusion into X is

null-homotopic.

Let Crit(M) denote the minimum number of critical points of any

smooth function on a manifold M . Lusternik and Schnirelmann proved

in [54] that cat(M) + 1 ≤ Crit(M). Originally introduced due to mo-

tivations coming from analysis, LS-category had strong connections with

geometry and algebraic topology. Soon after, it became the focus of the

so-called �numerical invariants� movement in the 1950s. Historical devel-

opment of the theory of LS-category has been traced down nicely in the

classical text [10]. Indeed, computing cat(X) itself is not so easy. However,

in many cases, it is slightly easier than computing TC(X).

Example 3.2. If X = Sn is any sphere, then X can be covered by its two

open hemispheres that are contractible in Sn. So, cat(Sn) ≤ 1. On the other

hand, since Sn is not contractible, cat(Sn) ≥ 1. This gives cat(Sn) = 1 for

each n.

Farber realized that LS-category could be used to estimate topological

complexity. He proved that cat(X) ≤ TC(X) ≤ cat(X × X) ≤ 2 cat(X),

where the last inequality was shown in [35]. This can make things easy

sometimes. For instance, if X = Sn for any n, we get 1 ≤ TC(Sn) ≤ 2.

The example of odd spheres and the above inequality pose a natural

question. For what classes of spaces X does the equality TC(X) = cat(X)

hold? One such class was obtained by Farber in a subsequent work in

2002. It follows from [24, Lemma 8.2] that if X is a topological group,

then TC(X) = cat(X). This gives a plethora of spaces whose TC can be

computed, such as some Lie groups, because cat has been determined for a

few classes of Lie groups.

Relating cat with TC was an important step. On one hand, it made

it easier to estimate TC(X) for various spaces X, on the other hand, it

emphasized how certain ideas from topology can turn out to be helpful in

robotics. The analogues of some nice results that hold for cat were proven

for TC. For instance, cat(X × Y ) ≤ cat(X) + cat(Y ) holds. Motivated

by this, it was shown in [23, 24] that TC(X × Y ) ≤ TC(X) + TC(Y ).

Throughout this text, we will �nd various other such instances. But there



HISTORY OF TOPOLOGICAL COMPLEXITY 29

was still a basic problem. While cat provided easier estimates, computing

the precise value TC(X), even for standard spaces like the even spheres,

was still a challenge.

4. Tools from algebraic and differential topology

To overcome the theoretical obstacles that occur in the computation of

TC for standard spaces, certain tools and techniques from topology were

employed by Farber.

4.1. A lower bound to TC. Given a space X and a ring R with unity,

the cup-length of the cohomology ring H∗(X;R), denoted cℓR(X), is the

maximum length k of a non-zero cup product α1 ⌣ · · · ⌣ αk of positive

degree cohomology classes αi ∈ H∗(X;R).

It is well-known in the literature that cℓR(X) ≤ cat(X), see [10, Propo-

sition 1.5]. If an analogous lower bound can be obtained for TC(X), then

that might make things simpler. Motivated by this, Farber developed the

following theory.

Let ∆ : X → X × X denote the diagonal map. Call the cohomology

classes of the ideal Ker(∆∗ : H∗(X ×X;R) → H∗(X;R)) the zero-divisors

of X and let zcℓR(X) denote the cup-length of Ker(∆∗). This is also called

the zero-divisor cup-length of X.

Theorem 4.1 (Farber). For any space X and ring R, zcℓR(X) ≤ TC(X).

A proof can be found in [23, Theorem 7]. The idea for the proof is

similar to that of the result cℓR(X) ≤ cat(X). The signi�cance of this

result is that the knowledge of the cohomology rings H∗(X) and H∗(X×X)

from algebraic topology can help us get an estimate for TC(X) from below.

Farber used this to get the following examples in [23].

Example 4.2. (1) We have zcℓQ(S
2n) = 2. Thus, TC(S2n) = 2.

(2) For closed orientable manifolds Σg of genus g ≥ 2, zcℓQ(Σg) = 4.

Using this, we get 4 ≤ TC(Σg) ≤ 2 cat(Σg) = 4.

(3) For the n-torus Tn, n = zcℓQ(T
n) ≤ TC(Tn) ≤ nTC(S1) = n.

Now, suppose one wants to compute TC(CPn) for the complex projec-

tive space CPn. Clearly, 2n = cat(CPn) ≤ TC(CPn) ≤ 2 cat(CPn) = 4n.

Furthermore, zcℓQ(CPn) = 2n. So, the lower bound is not improved, and

still the exact value TC(CPn) can't be determined. This suggests that more

techniques need to be employed in the study of TC.
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4.2. Schwarz genus. To start this subsection, we take a step back to look

at an invariant which generalizes the notion of cat and TC. In the 1960s,

Albert S. Schwarz was studying �brations and �ber spaces. He came up with

the notion of something called the genus of a �bration and developed that

theory extensively in a series of papers. The following de�nition captures

Schwarz's idea.

De�nition 4.3 ([62]). Given a �bration p : E → B, its Schwarz genus,

denoted secat(p), is the smallest integer n such that there exist open sets

U1, U2, . . . , Un+1 that cover B and over each of which there exists a partial

section ψi : Ui → E of p.

The reason for the notation secat(p) is that in the modern convention,

the term �Schwarz genus� is replaced by the term sectional category to

prevent overuse of the word �genus�.

While Schwarz's idea was coined decades before TC, it turns out that it

generalizes the notion of TC in the following way. Take the path �bration

πX : P (X) → X × X de�ned as πX : ϕ 7→ (ϕ(0), ϕ(1)). Then, TC(X) =

secat(πX) by De�nition 2.2, since in the case of πX , the maps ψi are just

the partial motion planners. Therefore, general results from the work of

Schwarz can be used to improve the theory of TC. One such result is the

following.

Theorem 4.4 ([62, Theorem 5], [24, Theorem 5.2]). If X is an r-connected

CW polyhedron, then

TC(X) <
2 dim(X) + 1

r + 1
,

where dim(X) denotes the dimension of X.

For X = CPn above, since r = 1 and dim(CPn) = 2n, we immediately

get TC(CPn) ≤ 2n. Combining with the lower bound, TC(CPn) = 2n is

obtained. More generally, this gives the equality TC(M) = dim(M) for

closed, simply connected symplectic manifolds, see [33]. Furthermore, The-

orem 4.1 is obtained as a corollary of a general result of Schwarz from [62].

So, a speci�c case of Schwarz's theory turned out to be instrumental in

topological robotics. Subsequently, TC values were estimated for various

spaces by several mathematicians.

4.3. The peculiar case of RPn. One of the most elementary problems

in topological robotics is to study the motion planning problem of rotating
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a line in Rn+1 that is �xed by a revolving joint at a base point, say the

origin. This is equivalent to calculating TC(RPn). The obvious bounds are

n = cat(RPn) ≤ TC(RPn) ≤ 2 cat(RPn) = 2n. In general, better lower

bounds are di�cult to obtain because RPn does not have a long zero-divisor

cup-length. Similar is the problem with the upper bounds because RPn is

not highly connected. In 2002, Farber, Sergei Tabachnikov, and Sergey

Yuzvinsky determined that computing TC(RPn) is very di�cult. Using

Stiefel�Whitney classes and the theory of nonsingular and axial maps, they

showed in [33] that for any n, the number TC(RPn) is the smallest integer k

such that there exists a nonsingular map Rn+1×Rn+1 → Rk+1. For n ̸= 1, 3,

and 7, this means that TC(RPn) is equal to the smallest k such that RPn

can be immersed in Rk. So, this deep result suggests that �nding TC(RPn)

is equivalent to �nding the immersion dimension of RPn. The latter is a

fairly challenging problem in di�erential topology. However, as corollaries,

the authors succeeded in determining TC(RPn) for various special cases.

In particular, they found TC(RPn) for all n ≤ 23. This is just one of the

many instances where one can see a close, perhaps somewhat unexpected,

connection of TC with well-known problems in topology.

5. Some advanced motion planning algorithms

5.1. Collision-free motion. Soon after the notion of TC was developed

for the most simplistic motion planning problem, mathematicians started

looking for algorithms for more complex motion planning problems that are

more likely to occur in physical scenarios for robots. One such situation

is when n number of robots are required to move simultaneously inside a

con�guration space from one point to another by avoiding collisions with

each other. Farber and Yuzvinsky were the �rst to tackle this problem in [34]

for Euclidean con�guration spaces. Their approach was as follows. Consider

n ordered robots that are supposed to move inside Rm. De�ne Cn(Rm) to

be the con�guration space of ordered sequences of n distinct points in Rm.

Then the problem of constructing an algorithm for a collision-free motion

of n robots in Rm boils down to �nding TC(Cn(Rm)). Seeing the union of

the hyperplanes of Rm as the obstacles to be avoided, the authors proved

that TC(Cn(R2)) = 2n− 2 and TC(Cn(Rm)) = 2n− 1 whenever m is odd.

For even m, the generalization TC(Cn(Rm)) = 2n− 2 was obtained later in

2008 by Farber and Mark Grant [26].
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Further work on the collision-free motion for points on graphs and trees

was continued by Farber in [25]. But perhaps what's more interesting is

that in this paper, he introduced a probabilistic version of TC. Given a

pair (x, y) of positions, Farber de�ned a random n-valued path from x to

y as an ordered formal linear combination σ = p1γ1 + · · · + pnγn, where

γi ∈ P (X) is a path from x to y for each i and pi ∈ [0, 1] are such that

p1+· · ·+pn = 1. The paths γi can be viewed as states of σ and the numbers

pi represent the probability of σ being in γi. If Pn(X) denotes the space

of all random n-valued paths, then an n-valued motion planning algorithm

on X can be de�ned as a continuous map s : X × X → Pn(X) such that

s(x, y) is a random n-valued path from x to y. The smallest integer n such

that an (n+1)-valued motion planning algorithm exists on X can be called

the probabilistic topological complexity of X. Farber showed [25, Theorem 6]

that probabilistic TC agrees with the classical TC on many natural classes of

spaces and used that, and the theory of subspace arrangements, to get some

estimates for the number TC(F (Γ, n)), which represents the complexity of

collision-free motion of n ordered points in the con�guration graph Γ.

In an e�ort to extend the work on collision-free motion to more well-

known con�guration spaces, Daniel C. Cohen and Farber considered the

case of closed orientable surfaces Σg of genus g ≥ 0 in 2009. As before, if

F (Σg, n) denotes the con�guration space of n distinct points in Σg, then

using a certain description of the cohomology of con�guration spaces of

algebraic varieties, they showed in [3] that

TC(F (Σg, n)) =


2 : g = 0 and n ≤ 2

2n− 3 : g = 0 and n ≥ 3

2n : g = 1 and n ≥ 1

2n+ 2 : g ≥ 2 and n ≥ 2.

Some additional results for some suitably-punctured 2-spheres occurring as

the con�guration spaces were also obtained [3, Theorem 6.1] for collision-

free motion.

5.2. Symmetric motion. To obtain a more controlled motion of the robots,

mathematicians started imposing additional conditions on the motion plan-

ning algorithms. One such condition was imposed to get symmetry in the

motion. The idea was that the motion of the system from x to y must be
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the motion of the system of y to x traversed in the opposite direction, so

that the motion from x to x must be constant at x, i.e., the system should

not move at all when its initial and �nal positions coincide. The study of

symmetric motion planners that could achieve this task was initiated by

Farber and Grant in 2006. Their theory is developed in [27] as follows.

Let P ′X denote the space of paths ϕ for which ϕ(0) ̸= ϕ(1) and let

F (X; 2) = X ×X \∆X. Then Z2 acts on F (X; 2) by permutation of coor-

dinates and on P ′X by sending a path to its reverse. Hence, the restriction

of the evaluation �bration π : P (X) → X×X, denoted π′ : P ′X → F (X; 2),

is a Z2-equivariant map. If π̃ : P ′′X → B(X; 2) is the map obtained after

quotient by Z2, where P
′′X := P ′X/Z2 and B(X; 2) := F (X; 2)/Z2, then

the symmetric topological complexity of X, denoted TCS(X), can be de�ned

as secat(π̃).

While TCS(X) calculates the complexity of the symmetric motion, it

comes with a cost: TCS is not a homotopy invariant, and TCS(X) ≥ TC(X)

holds, as is intuitively clear since symmetric algorithms are more di�cult

to obtain than arbitrary algorithms. The computation of TCS(X) required

usable lower bounds, like in the case of TC(X). By studying the cohomology

rings of P ′X and B(X; 2) and using Schwarz's theory, Farber and Grant

obtained a general cohomological lower bound to TCS(X) − 1 for closed

smooth manifolds X. Using that, the authors proved that TCS(Sn) = 2 for

each n, and in [27, Example 28] that TCS(Tn) = 2n for the n-torus Tn,

thereby showing that the notion of TCS is di�erent than that of TC because

TC(Tn) = cat(Tn) = n.

Soon after, more computations for TCS were done. In 2008, Jesús

González and Peter Landweber decided to determine TCS(RPn). They

found that just as TC(RPn) relates to the immersion dimension of RPn,

the symmetric version TCS(RPn) relates to the embedding dimension of

RPn. More precisely, using the concept of symmetric axial maps, the au-

thors showed in [40] that TCS(RPn) is equal to the Euclidean embedding

dimension of RPn when n ≥ 16 or n ∈ {1, 2, 4, 8, 9, 13}. Here, the cases in n
occur because of André Hae�iger's metastable range n ≥ 16, while the other

individual cases were proven case-by-case by the authors, with no de�nite

conjecture for the left-out cases. This turned out to be yet another instance

where motion planning in robotics turned out to be intimately connected

with classical problems in topology.
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5.3. Sequential motion. Before 2009, the motion planning problem and

its versions were only considered for situations in which a robot has to

move from an initial position to a �nal position. However, in more realistic

scenarios, the robots are actually required to move between multiple pre-

speci�ed positions. In 2009, Yuli B. Rudyak (1948�2024) considered the

following sequential motion planning problem. Given an autonomous me-

chanical system with con�guration space X, a numberm ≥ 2, and positions

x1, x2, . . . , xm in X, a �nice� algorithm needs to be constructed to get from

x1 to xm via the m−2 intermediate positions x2, . . . , xm−1 attained in that

order for each ordered tuple (x1, x2, . . . , xm) ∈ Xm in an uniformly-timed

motion. As a natural generalization to Farber's original idea, Rudyak's

idea [59] for this sequential motion can be described as follows.

De�nition 5.1. The m-th sequential topological complexity of a space X,

denoted TCm(X), is the smallest integer n such that there exist open sets

U1, U2, . . . , Un+1 that cover Xm and continuous maps si : Ui → P (X) that

satisfy for all 1 ≤ j ≤ m the equality

si (x1, x2 . . . , xm)

(
j − 1

m− 1

)
= xj

for each (x1, . . . , xm) ∈ Ui.

We note that Rudyak's original de�nition was stated in a slightly dif-

ferent (equivalent) way, and he called TCm(X) the m-th higher topological

complexity of X. However, in modern convention, the term �higher� has

been replaced by the term �sequential� to emphasize the sequential motion

in robotics. When m = 2, this notion coincides with Farber's TC. Thus,

TC2(X) = TC(X) for any space X.

Equivalently, TCm(X) can also be de�ned in terms of the sectional

category (Schwarz genus). Let πXm : P (X) → Xm denote the �bration that

evaluates at the points (j−1)/(m−1) for all 1 ≤ j ≤ m. Then, TCm(X) =

secat(πXm). It is known that the �bration πXm is homotopy equivalent to the

diagonal map ∆m : X → Xm. Hence, using Schwarz's result [62, Theorem

4], it can be proved that the cup-length of the ideal Ker(∆∗
m : H∗(Xm;R) →

H∗(X;R)), called the m-th zero-divisor cup-length of X, is a lower bound

to TCm(X). Furthermore, [62, Theorem 5] can be used to deduce that if X

is r-connected, then

TCm(X) <
mdim(X) + 1

r + 1
.



HISTORY OF TOPOLOGICAL COMPLEXITY 35

These generalize Theorems 4.1 and 4.4, respectively. In light of these re-

sults, it is natural to expect TCm to satisfy most of the nice properties

like TC. In particular, TCm is a homotopy invariant of spaces. In [59],

Rudyak showed that TCm(X) ≤ min{cat(Xm),TCm+1(X)}, and that if X

is a non-contractible CW complex of �nite type, then TCm(X) ≥ m − 1.

Furthermore, by generalizing Farber's zero-divisor computation technique

for spheres, Rudyak found that TCm(S2n) = m and TCm(S2n−1) = m − 1

for all n and m. The following year, the theory of TCm was further devel-

oped by Ibai Basabe, Gonzalez, Rudyak, and Dai Tamaki in [2]. As was

expected, it turned out that the theory of TCm gives the panoramic view of

the theory of TC. The following is a summary of the new results that they

proved for each m ≥ 2.

• cat(Xm−1) ≤ TCm(X). Equality holds if X is a topological group.

• If (X × Y )m is normal, then TCm(X × Y ) ≤ TCm(X) + TCm(Y ).

• TCm(Sk1 ×Sk2 ×· · ·×Skn) = n(m−1)+ ln, where ln is the number

of even spheres.

• If M is a closed simply connected symplectic manifold of (even)

dimension dim(M), then TCm(X) = mdim(M)/2.

In [2], the authors also extended the sequential versions to symmetric

motion planning in an obvious way. Using the theory of equivariant sections

and braid spaces, [2] provided an equivalent de�nition of TCS
m in terms of

secat, and as a result, they proved the generalization TCS
m(S1) = 2(m− 1).

6. Advancements in computing TC

While new versions of TC were introduced and theoretically developed

to accommodate di�erent, more realistic motion problems in robotics, the

development of more novel tools and techniques to determine the classical

TC for various classes of spaces was ongoing.

6.1. TC-weight. At this point, we can agree that cat is a close cousin of TC.

So, one can obtain analogues of ideas that are used to determine cat(X)

and hope to use them to determine TC(X). One such idea is something

known as the category weight of a cohomology class of X. This was intro-

duced by Edward Fadell (1926�2018) and Su�an Husseini (1929�2017) in

1992 and developed further, independently, by Rudyak in 1996 and Je�rey

Strom in 1997. Using category weight, Fadell and Husseini computed the
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LS-category of lens spaces [22]. Motivated by this and a closely related no-

tion of Rudyak's strict category weight [58] and Strom's essential category

weight [65], Farber and Grant developed the theory of TC-weight in 2007.

De�nition 6.1 ([28]). For an abelian group G and a �bration p : E → B,

the weight of a cohomology class u ∈ H∗(B;G) with respect to p, de-

noted wgtp(u), is the smallest integer k such that for any f : Y → B

with secat(f⋆p) ≤ k, the image f∗(u) = 0 ∈ H∗(Y ;B).

Here, f⋆ denotes the pullback map of f along p. This generalizes

Rudyak's strict category weight for cat. In particular, when the �bra-

tion is π : P (X) → X × X, one gets wgtπ(u), called the TC-weight of

u ∈ H∗(X × X;G) and denoted wgt(u). In [28], the authors proved vari-

ous properties of wgt, all of which are similar to those of (strict) category

weight [22, 58].

• wgt(u) ≥ 1 if and only if u is a zero-divisor.

• If u ̸= 0 has positive degree, then TC(X) ≥ wgt(u).

• If u, v ∈ H∗(X ×X), then wgt(u ⌣ v) ≥ wgt(u) + wgt(v).

When combined, these properties imply that if ui ∈ H∗(X × X;G)

are positive degree zero-divisors for all 1 ≤ i ≤ n for some n such that

u := u1 ⌣ u2 ⌣ · · ·⌣ un ̸= 0, then

TC(X) ≥ wgt(u) ≥
n∑

i=1

wgt(ui) ≥ n.

This recovers Theorem 4.1. Because of these properties, �nding �heavier�

non-zero cohomology classes becomes the primary objective. Using the

concept of stable cohomology operations and their excess, Farber and Grant

found a general criterion for classes u to have wgt(u) ≥ 2. The authors

wanted to determine TC of lens spaces. So, �rst, they studied motion

planning in �ber spaces. Using homotopy theoretic arguments, they proved

that if p : E → B is a (Hurewicz) �bration with �ber space F , then TC(E) ≤
(TC(F )+1)(cat(B×B)+1)−1, which is an analogue of the classical result

for cat (see [10, Theorem 1.41]). In the case of lens spaces L2n+1
m for any

n ≥ 1 and m ≥ 2, due to the �bration S1 → L2n+1
m → CPn, the estimate

TC(L2n+1
m ) ≤ 4n + 1 is obtained from the above inequality. Using classes

of weight at least 2, Farber and Grant proved that the above inequality is

equality in several situations depending on the combinatorics of n and m,
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see [28, Theorems 12, 13, 14] for details. In particular, the equality holds

when n = 1 and m ≥ 3. This improved a previous work of González.

6.2. TC of special spaces. Let Γ be a discrete group and let BΓ denote

its classifying space, which is unique up to homotopy equivalence. Since

TCm is a homotopy invariant of spaces, it makes sense to de�ne TCm(Γ) :=

TCm(BΓ). In other terminology, BΓ are aspherical spaces, which are the

Eilenberg�Mac Lane spaces of type K(Γ, 1), where Γ is the fundamental

group of the space. Aspherical spaces are important objects of study in

geometric topology. Many mathematicians studied TC(Γ). In the case

of LS-category, there is a nice algebraic description of cat(Γ) in terms of

its cohomological dimension2, denoted cd(Γ), due to the Eilenberg�Ganea

theorem: cat(Γ) = cd(Γ). But such a description is not known in the case of

TC(Γ). So, to determine TC(Γ) values, work needed to be done to improve

the obvious estimates cd(Γ) ≤ TC(Γ) ≤ cat(Γ × Γ) ≤ 2 cd(Γ). For torsion-

free nilpotent groups, the upper bound was improved by Grant. In 2011, he

showed [41] that if Z denotes the center of Γ, then we have the inequality

TC(Γ) ≤ cat((Γ × Γ)/Z) − 1. Additionally, if Γ is �nitely generated, then

TC(Γ) ≤ 2 rank(Γ)− rank(Z).

After better upper bounds were obtained for the above special class

of groups Γ, some good lower bounds for TC(Γ) were needed, ideally for

general Γ. In 2013, Grant, Gregory Lupton, and John Oprea obtained

algebraic lower bounds for TC(Γ) that were better than the crude lower

bound cd(Γ). They showed that if A and B are subgroups of Γ such that

gAg−1∩B is trivial for each g ∈ Γ, then cd(A×B) ≤ TC(Γ), see [43, Section

5]. This happens, in particular, if Γ is a semi-direct product of A and B.

Their work recovered the lower bounds that were obtained earlier in 2007

by Cohen and Goderdzi Pruidze [6] for the special case of right-angled Artin

groups. Grant�Lupton�Oprea used their result to show in [43, Theorem 4.1]

that the topological complexity of Higman's group is 4, which is two times

its cohomological dimension.

Another special class of spaces consists of H-spaces, which generalize

the notion of topological groups. While it was known that TCm+1(X) =

cat(Xm) for topological groups X, the same equality for CW H-spaces was

obtained by Lupton and Jérôme Scherer in 2011. Their arguments [52]

2For a discrete group Γ, its cohomological dimension, denoted cd(Γ), is de�ned to be the
largest integer k such that Hk(Γ, A) ̸= 0 for some ZΓ-module A.
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relied primarily on the interplay of the notion of secat with pullbacks, and

the understanding of the set [A,X] of pointed homotopy classes between

any CW complex A and CW H-space X as an algebraic loop. They further

showed that the equality TCm+1(X × Y ) = TCm+1(X) + TCm+1(Y ) holds

if and only if cat((X × Y )m) = cat(Xm) + cat(Y m).

Another interesting, broad class is that of smooth manifolds. Grant

�gured in 2011 that if a closed smooth manifold X admits a locally smooth

action of a compact Lie group G, then better estimates for TC(X) can

be obtained. Let F (G,X) = {a ∈ X | g · a = a for all g ∈ G} denote

the �xed-point set of G, let P denote the principal orbit, and Ga denote

the stabilizer group of a ∈ X. Grant showed in [41, Theorem 5.2] that

if for all pairs (x, y) ∈ X × X, either F (Gx ∩ Gy, X) is path-connected

or x, y ∈ F (G,X), then TC(X) ≤ 2 dim(X) − dim(P ). The author also

obtained better upper bounds for some nice normal spaces X. He showed

in [41, Theorem 4.3] that if q : X ×X → Y is closed with Y paracompact

and if TCX(q−1(y)) ≤ n for each y ∈ Y , then TC(X) ≤ n(dim(Y ) + 1)− 1.

As the theory of topological complexity was developing and more com-

putations were being done, a natural question emerged. What can be said

about a non-contractible space that has the least possible TCm values?

More precisely, if TCm(X) = m − 1 for some m ≥ 2, then what can be

said about X? This was an interesting question because it was known that

if cat(X) = 1 (the least possible for a non-contractible space), then X is

homotopic to a co-H-space, [10]. In 2012, Grant, Lupton, and Oprea an-

swered this question completely for the case m = 2 and partially for other

cases. The authors proved that TC(X) = 1 if and only if X is homotopic

to an odd sphere [42, Corollary 3.5]. Upon a deeper assessment of certain

cup products in the tensor product ring H∗(X)⊗m, the authors character-

ized spaces X with TCm(X) = m − 1 based on their fundamental groups.

It turns out [42, Theorem 3.4] that if X is simply connected, then X is

homotopic to an odd sphere. If not, then in general, nothing can be said.

But if additionally, X is a nilpotent space or a co-H-space, then X must be

homotopic to S1. This meant, in particular, that if X is co-H-space that is

not homotopic to any odd sphere, then TCm(X) = m, such as in the case

of even spheres.
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7. More versions of topological complexity

Alongside signi�cant progress in the theory of TC and more generally,

the theory of TCm, some mathematicians were looking for special versions

of topological complexity. While some of these versions were motivated by

robot motion planning problems, others came into existence due to pure

mathematical curiosity and later turned out to be helpful in �nding some

features for the classical TC.

7.1. Monoidal complexity. In 2012, Norio Iwase and Michihiro Sakai de-

cided to relax the condition in the symmetric motion planning (described in

Section 5.2) that the system necessarily moves from position y to x through

the same route it traveled from x to y taken in the opposite direction.

They de�ned a more general version that only needed the system to remain

stationary when the initial and �nal positions were the same.

De�nition 7.1 ([46]). The monoidal topological complexity of a space X,

denoted TCM(X), is the smallest integer n such that X×X can be covered

by open sets U1, . . . , Un+1 each of which contain the diagonal∆X and admit

a continuous (partial) section si : Ui → P (X) to π : P (X) → X ×X such

that si(x, x) = cx, where cx denotes the constant loop at x.

Like TCS , the new notion TCM is also not a homotopy invariant of

spaces in general. However, the authors argued that if (X × X,∆X) is

a neighborhood deformation pair, then unlike TCS , TCM is a homotopy

invariant. It is clear from the de�nition that TC(X) ≤ TCM(X) ≤ TCS(X).

What the authors showed in [46, Section 5] is that if X is a �nite simplicial

complex, then TC(X) = TCM(X). Moreover, they conjectured that this

equality holds for all �nice� spaces X.

Very soon, a step towards this conjecture was taken by Alexander Dran-

ishnikov. First, he argued in [14] that the condition that the open sets in

the cover of X ×X in De�nition 7.1 contain the diagonal ∆X is unneces-

sary. Then, he proved that TCM(X) ≤ TC(X) + 1 when X is a Euclidean

neighborhood retract (ENR). Dranishnikov obtained a Schwarz-type char-

acterization for TCM, and using it, he proved that whenever X is an r-

connected simplicial complex satisfying dim(X) ≤ (r + 1)TC(X) + r, then

TCM(X) = TC(X), see [14, Theorem 2.5]. Further, he proved using simple

arguments that equality also holds for topological groups. The main result

of his paper was a nice upper bound to the monoidal complexity of the
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wedge sum of ENR spaces: TCM(X ∨ Y ) ≤ TCM(X) + TCM(Y ). In the

case of LS-category, it holds that if p : E → B is a covering map, then

cat(E) ≤ cat(B), see, for example, [10, Corollary 1.45]. Whether such a

relationship exists in the case of TC was unknown till 2012. Using the up-

per bound theorem for TCM(X ∨ Y ), Dranishnikov gave examples in [14,

Theorem 3.8] to show that TC(E) and TC(B) can be unrelated in general.

This is one of the many instances where one observes that TC need not

satisfy analogues of all the properties that cat satis�es.

7.2. Equivariant and invariant complexities. In the same year, Hellen

Colman and Grant were studying the topological complexity of spaces that

admit continuous actions of compact Hausdor� topological groups. To deal

with the TC of such spaces, the authors de�ned a more general notion in [9].

The equivariant sectional catgeory of a G-�bration p : E → B, denoted

secatG(p), is the smallest integer n such that B can be covered by n + 1

number of invariant open sets Ui over each of which there exists a partial

G-section si : Ui → E of p. Then, the equivariant topological complexity of

a G-space X, denoted TCG(X), was de�ned to be secatG(π
X). Similarly,

the equivariant LS-catgeory of G-space X, denoted catG(X), was de�ned.

Colman and Grant developed the theory of secatG by establishing in the

equivariant setting analogues of classical results and properties that hold

for secat, TC, and cat. In particular, they proved that TCG(X) = cat(X) if

G acts freely on X. The authors provided various examples.

Example 7.2. If G = Z2 acts on X = Sn by multiplying −1 in the last

coordinate, then TCG(S
1) is in�nite while TCG(S

n) = 2 for all n ≥ 2. So,

the gap between TCG and TC can be arbitrary. However, if X = S1 = G

acts on itself by rotations, then TCG(S
1) = 1.

Wojciech Lubawski and Waclaw Marzantowicz realized that the im-

pact of symmetry on a motion planning algorithm might not be analyzed

fully by merely studying equivariant topological complexity. As a result,

they developed their own notion in 2013 as follows. Given a G-space

X, de�ne P ∗X = {(ϕ, ψ) | Gϕ(0) = Gψ(1)} to be a (G × G)-space

with componentwise action. Then the map π̂ : P ∗X → X × X given

by π̂ : (ϕ, ψ) → (ϕ(0), ψ(1)) is a G-�bration. So, the invariant topological

complexity of X, denoted TCG(X), can be de�ned as the smallest integer

n such that there exist n + 1 open (G × G)-sets Ui that cover X ×X and
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over each of which there exists a partial (G×G)-section of π̂. The authors

explained in [51] that one of the main advantages TCG has over TCG is that

in the case of a free action of G on X, the equality TCG(X) = TC(X/G)

holds between the invariant complexity of X and the (non-invariant) com-

plexity of its resulting orbit space X/G, whereas in the equivariant setting,

TCG(X) = TC(X/G) might not hold even in simple cases.

Using a Clapp�Puppe invariant of Lusternik�Schnirelmann-type and a

Whitehead-type characterization, the authors developed the theory of TCG

and showed that it satis�ed properties like the homotopy invariance and

the product inequality of TCG, and that it can be estimated suitably from

the corresponding invariant version of LS-category, denoted catG. The

authors obtained the following examples in [51] to show where TCG and

TCG disagree.

• If G acts on itself by left-translation, then TCG(G) = TC(G/G) = 0

is obtained since the action is free, whereas, TCG(G) = cat(G).

• If G = Z2 acts on X = Sn by multiplying −1 in the last coordinate,

then TCG(Sn) = 1 whenever n is even, whereas TCG(S
n) = 2 for

even n.

8. Progress between 2014�2019

Remarkable progress has been made in the �eld of topological complex-

ity in the last 10 years. This started right from the �rst half of the last

10 years: 2014�2019. Progress was in terms of the development of new

theories, the advancement of existing theories, as well as computations of

TC values for various interesting spaces. Most of these developments were

happening in parallel, so we might not see them listed here chronologically.

8.1. TC of non-orientable surfaces. Notice how the TC of closed ori-

entable surfaces was computed easily in Section 4.2, but we never talked

about TC of closed non-orientable surfaces Ng of genus g ≥ 1. For g = 1,

TC(RP 2) = 3 was known and so were the estimates 3 ≤ TC(Ng) ≤ 4 for

g ≥ 2. But over the course of years, it turned out that computing TC(Ng)

for g ≥ 2 was very challenging. In particular, one could not directly use

the orientable covers of a given Ng to determine TC(Ng), as is typically

done in the case of cat to determine cat(Ng) = 2, because a covering space

inequality does not hold for TC due to the work of Dranishnikov.
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In 2011�2012, José Manuel García-Calcines and Lucile Vandembroucq

started studying the homotopy co�ber C∆X of the diagonal map ∆X :

X → X × X. They found in [36] that the LS-category of C∆X bounds

TC(X) from below for some CW complexes, and equality holds for H-

spaces, Σg, �nite graphs, RPn, etc. The number cat(C∆X) was also studied

by Dranishnikov. He continued on this work for Ng and in [15, Section 3],

he showed that cat(C∆Ng) = 3. But what's more remarkable was that he

proved using advanced obstruction theory and sheaf theory that TC(Ng) = 4

when g ≥ 4, see [15, Section 5]. On one hand, this provided a counter-

example to the conjecture that cat(C∆X) = TC(X) for �nite CW complexes;

on the other hand, it left only the values TC(N2) and TC(N3) undetermined.

Soon after, Dranishnikov published a note giving another proof of the fact

that TC(Ng) = 4 when g ≥ 4. In [16], he showed TC(M#N) ≥ TC(N) for

closed surfacesM andN whereM is orientable. His result, that TC(Ng) = 4

when g ≥ 4, was obtained from this inequality and the primary obstructions

of T ∨K for the 2-torus T and the Klein bottle K.

The values TC(N2) and TC(N3) were still undecided. Dranishnikov

had already shown that his methods for g ≥ 4 can't extend to the cases

g = 2, 3 [16, Section 3]. Partial progress for the interesting case of the Klein

bottle (g = 2) was made by Donald M. Davis in [11] by appealing directly

to the simplicial structure of K. But the values TC(N2) and TC(N3) were

�nally determined as 4 only by Cohen and Vandembroucq towards the end

of 2016. In [7], the authors used obstruction theory and computations of

zero-divisors cup-lengths with local coe�cients to get their result, thereby

�nally completing the work on the topological complexity ofNg for all g ≥ 1.

8.2. Sequential TC of surfaces and RPn. All this while, mathemati-

cians were equally interested in generalizing their results and computations

for the sequential versions of TC. While the TC values for all closed sur-

faces were known, work was to be done to compute their TCm values for

m ≥ 3. In 2015, González, Bárbara Gutiérrez, Aldo Guzmán, Cristhian

Hidber, María Mendoza, and Christopher Roque determined TCm(Σg) val-

ues for all m and g [38]. They improved the work of [6] and found that

TCm(Σg) = 2m for g,m ≥ 2, thereby recovering the result for TC(Σg). In

the same year, González, Bárbara Gutiérrez, Darwin Gutiérrez, and Adrian

Lara were studying the topological complexity of real-�ag manifolds. Using

their mod-2 cohomology, the authors gave a minimal presentation of the
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cohomology ring for semi-complete �ag manifolds and used it to determine

TC for some particular cases. But more importantly, they extended their

work to bound TCm values of some semi-complete real �ag manifolds from

below [37, Section 5] and to fully compute TCm(Ng). They proved in [37,

Proposition 6.1] that TCm(Ng) = 2m for all m ≥ 3 and g ≥ 1. Surpris-

ingly, computing TCm(Ng) for m ̸= 2 turned out to be much easier than

computing TC2(Ng).

While the exact values TCm(RP 2) and a good description of TC(RPn)

were known, it was still di�cult to estimate TCm(RPn) for n,m ≥ 3, let

alone compute them. Building upon earlier works on real projective spaces

and their topological complexities, in 2017, Davis obtained an explicit for-

mula for the best lower bound for TCm(RPn). This was implied by the

classical mod-2 cohomology and helped obtain precise values of the m-th

zero-divisor cup-lengths of RPn for various small values of m and n, see [12,

Table 1]. Davis also gave the examples when TCm(RPn) had their maxi-

mum possible values mn. In a subsequent work in 2018, he obtained the

lower bounds using Brown�Peterson cohomology of RPn. Davis showed [13]

that these new lower bounds were signi�cantly stronger than those obtained

earlier from the mod-2 cohomology. This led him to compute TCm(RPn)

for many more cases depending on the combinatorics of n and m.

8.3. (Sequential) topological complexity of aspherical spaces. After

improvements in the estimates of TC of aspherical spaces, more computa-

tions were done and theories were developed. Some sub-classes of particular

interest have been those of right-angled Artin groups (RAAG) and braid

groups. In 2016, González, Gutiérrez, and Hugo Mas studied sequential

motion planning on random RAAG. For a random RAAG Γ, they obtained

precise values TCm(K(Γ, 1)) in [39, Section 3]. Their work also described

TCm(K(Γ, 1)) asymptotically for any K(Γ, 1) associated to random graph

groups. In the same year, Grant and David Recio-Mitter focused on the

topological complexity of some subgroups of Artin's braid groups. For any

n, the full braid group Bn, the pure braid group Pn, and the symmetric

group Sn �t into 1 → Pn → Bn
τ−→ Sn → 1. If G ⊂ Sn is any sub-

group of Sn, then B
G
n := τ−1(G) has cohomological dimension n − 1. So,

(m− 1)(n− 1) ≤ TCm(BG
n ) ≤ m(n− 1). But, the authors showed that for

some special subgroups G that make BG
n the subgroups of mixed braids,

the upper bound can be improved to TCm(BG
n ) ≤ m(n − 1) − 1, see [45,
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Theorems 1.1 and 6.3] for details. In fact, it turns out that equality holds

if G < Sn−2 × {1}2. Furthermore, if G < Sn−k × Sk for any k ≥ 2, then

m(n− 1)− k + 1 ≤ TC(BG
n ) ≤ m(n− 1)− 1.

Among all this progress for special aspherical spaces X, the problem

of describing TC(X) in terms of the algebraic invariants of their funda-

mental group Γ := π1(X), discussed brie�y in Section 6.2, was not yet

settled. While it was known that cd(Γ) ≤ TC(Γ) ≤ 2 cd(Γ), Rudyak [60]

had shown in 2013 that obtaining better lower or upper bounds is not

always possible in general since TC(Γ) := TC(X) can attain any integer

value between cd(Γ) and 2 cd(Γ). A major step in describing TC(X) was

taken in 2017 by Farber and Stephen Mescher. For �nite CW aspherical

spaces X, this can be done if Γ is a hyperbolic group (in the sense of Gro-

mov). In that case, the lower bound cd(Γ) ≤ TC(Γ) can be signi�cantly

improved [30, Section 9] to get cd(Γ × Γ) − 1 ≤ TC(Γ) ≤ cd(Γ × Γ). A

few years later, using further tools from geometric topology and geometric

group theory for torsion-free hyperbolic groups, Dranishnikov proved in [17]

that the above upper bound is sharp. The result of Farber and Mescher led

to another important computation. Till 2017, TC was computed only for

simply connected symplectic manifolds. Good estimates of TC(M) were not

known for symplectically aspherical manifolds that are well-known, impor-

tant objects in di�erential topology and geometry. Using their above result

and the notion of TC-weight, the authors proved in [30, Theorem 8] that

2 dim(M)− 1 ≤ TC(M) ≤ 2 dim(M) for such manifolds M .

While mathematicians were gradually getting to know more about TC(Γ),

little was known as to what happens to the TC values under some well-

known operations of discrete groups. In particular, how does the topological

complexity of the free product Γ1∗Γ2 depend on the numerical invariant val-

ues of Γ1 and Γ2? In 2017, Dranishnikov and Rustom Sadykov tackled this

problem. They proved in [20, Theorem 6] that TC(X ∨Y ) = k if complexes

X and Y satisfy dim(X ∨ Y ) < k := max{TC(X),TC(Y ), cat(X × Y )}. In
particular, this means that if X and Y are aspherical with π1(X) = Γ1 and

π1(Y ) = Γ2, then TC(Γ1 ∗Γ2) = max{TC(Γ1),TC(Γ2), cd(Γ1 ×Γ2)}. Thus,
for in�nite cyclic groups, the authors deduced that TC(Zm ∗ Zn) = m+ n,

thereby recovering Rudyak's result from [60].

A breakthrough in the theory of TC of �nite CW aspherical spaces was

made in 2018 by Farber, Grant, Lupton, and Oprea. They reformulated
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the problem of determining TC(Γ) by giving a formal, almost-algebraic de-

scription of TC(Γ), thereby allowing the use of tools from group theory

and homological algebra in dealing with TC(Γ). Their theory is developed

as follows. Let Γ be a discrete group and En(Γ) denote the join of its

(n+1)-copies such that En(Γ) is equipped with the canonical left-diagonal

action of Γ × Γ. Since En(Γ) embeds equivariantly in En+1(Γ), one can

de�ne the direct limit E(Γ) = ∪nEn(Γ). Similarly, the classifying space

E(Γ × Γ) of all the spaces that admit some free (Γ × Γ)-actions is formed

such that it also inherits the above diagonal action of Γ × Γ. Further, the

(Γ×Γ)-equivariant map f : Γ×Γ → Γ de�ned as f : (x, y) 7→ xy−1 extends

naturally to F : E(Γ×Γ) → E(Γ). Let X be an aspherical �nite CW com-

plex with fundamental group Γ. Then the following two characterizations

were obtained for TC(Γ).

Theorem 8.1 ([29, Theorem 2.1]). TC(Γ) is the smallest integer n such

that there exists an (Γ× Γ)-equivaraint map E(Γ× Γ) → En(Γ).

Theorem 8.2 ([29, Theorem 3.1]). TC(Γ) is the smallest integer n for

which there exists a (Γ× Γ)-CW complex L with dim(L) = n such that the

induced map F : E(Γ×Γ) → E(Γ) can be factored as E(Γ×Γ) → L→ E(Γ).

Furthermore, by de�ning a special class of subgroups of Γ×Γ and using

Bredon cohomology, the authors obtained stronger lower bounds for TC(Γ)

in [29, Section 4].

Most of this work was generalized in the following year by Farber and

Oprea. First, they obtained a better lower bound to TCm(Γ) as follows. Let

K ⊂ Γm be a subgroup with the property that if H ⊂ Γm is any subgroup

conjugate to the diagonal subgroup ∆ ⊂ Γm, then K ∩H is trivial. Then

cd(K) ≤ TCm(Γ) holds in this case, see [31, Section 3.4]. This was the most

general lower bound of its time without any assumptions on Γ and helped

them to conclude that TCm(H) = 2m for all m ≥ 2, where H is Higman's

group. Second, they found a general analogue of Theorem 8.2 for TCm in

their paper ([31, Theorem 3.1]) and extended the classical lower bounds

from [29] to sequential TC using Bredon cohomology.

8.4. TC values of special manifolds. Just as in the case of TC of groups,

the theory of TC of some well-known classes of manifolds was developing;

however, not much was known as to how TC would depend on operations

between manifolds. The answer for the wedge of some manifolds was given
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in [20], but not a lot was known about TC of the connected sum of manifolds

besides a partial answer given for surfaces in [16]. Work in this direction

was continued by Dranishnikov and Sadykov in 2017 for simply connected

orientable manifolds. The authors showed in [21] that for such manifolds

M and N , max{TC(M),TC(N)} ≤ TC(M#N). This enabled them to

conclude [21, Section 7] that TC(M) = 4 for any smooth closed simply-

connected 4-manifold M ̸≃ S4.

But what happens in the case of the connected sum of non-orientable

manifolds? In 2018, Cohen and Vandembroucq thought in this direction for

RPn (recall that RPn is non-orientable if and only if n is even). For any

g, n ≥ 2, if Pn
g denotes the connected sum of g-copies of RPn, then they

obtained in [8] that TC(Pn
g ) = 2n, partly by using their obstruction theory

calculations from [7]. The following year, this result was generalized to the

sequential versions by Jorge Aguilar-Guzmán and González without much

di�culty using Z2-zero-divisor cup-lengths of RPn and Pn
g . They showed

in [1] that TCm(Pn
g ) = mn for all m,n, g ≥ 2.

As mentioned earlier, symplectic manifolds are interesting objects in

topology. The estimate 2 dim(M) − 1 ≤ TC(M) ≤ 2 dim(M) was only

known for symplectically aspherical manifolds, see Section 8.3. In 2018�

2019, Grant and Mescher made a giant leap forward by computing the ex-

act values of symplectically atoroidal manifolds, thereby generalizing the

previous works in non-simply connected cases. We recall that a sym-

plectic manifold (M,ω) is called symplectically atoroidal if for all smooth

maps f : T → M , where T is the 2-torus,
∫
T f

∗(ω) = 0. Well-known

classes of symplectically hyperbolic and symplectically aspherical mani-

folds whose fundamental group does not contain a Z2-subgroup fall under

this category. For all such (M,ω), Grant and Mescher proved in [44] that

TC(M) = 2 dim(M). Again, the notion of TC-weight was employed. Basi-

cally, the authors succeeded in �nding dim(M) number of zero-divisors of

weight 2 whose cup product was non-zero.

9. Some generalizations of topological complexity

While the theory of (sequential) topological complexity of spaces (and

groups) was developing from di�erent angles and as more and more com-

putations were being made, the community kept looking for mathematical
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interpretations of robot motion planning situations that resembled the real-

world problems more. Honestly, some motivations were also driven purely

by mathematical curiosity.

9.1. Topological complexity of maps. One such motivation arises from

the parallel theory of LS-category. For a map f : X → Y between topolog-

ical spaces, cat(f) is well de�ned and studied (see [10, Section 1.7.1]). As a

natural analogue of this, and as an extension to TC(X), Dranishnikov pro-

posed to develop the concept of topological complexity of a map. Through

a series of papers between 2017�2018, Peter Pave²ic developed this idea.

His theory from [56] evolves as follows.

Given a map f : X → Y , de�ne πf : P (X) → X × Y as the map

πf : ϕ 7→ (ϕ(0), f(ϕ(1))). Then the topological complexity of the map f ,

denoted TC(f), can be de�ned as secat(πf ). This idea generalizes the notion

of TC(X) and cat(X) as follows: TC(X) = secat(πIdX ), where IdX : X → X

is the identity map, and cat(X) = secat(πev), where ev : P (X) → X is

the evaluation map at t = 1. Pave²ic proved that TC(f) is a homotopy

invariant of �berwise homotopy equivalent (FHE) maps and satis�es (under

additional conditions) many properties that TC(X) and cat(f) satisfy. Some

are listed from [56].

• If v : Z → X is a deformation retraction, then TC(fv) = TC(f).

Similarly, if u : Y → Z is a deformation, then TC(uf) = TC(f).

• If f is a �bration, then cat(Y ) ≤ TC(f) ≤ min{TC(Y ), cat(X×Y )}.
Equality TC(f) = TC(Y ) holds when f admits a homotopy section.

The lower bound is attained when Y is an H-space.

• If f admits a section, then TC(f) ≤ TC(X).

• TC(f) ≥ cℓR(Ker((IdX , f)
∗ : H∗(X × Y ) → H∗(X))) for the map

(IdX , f) : x 7→ (x, f(x)).

• If f : SO(n) → Sn−1 is the standard �bration, TC(f) = 1 if n is

even, otherwise TC(f) = 2.

Around this time, Aniceto Murillo and Jie Wu were studying work maps

associated with mechanical systems. Independent of Pave²ic, they devel-

oped their notion of topological complexity of maps that could measure the

complexity of algorithms that control a speci�c task that a given system

can perform. This, in particular, covers the task of moving the system from

an initial point to a �nal point. In [55], their notion was de�ned as follows.
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For a map f : X → Y , its topological complexity3 TC∗(f) is the smallest

integer n such that X × X can be covered by n + 1 number of open sets

Ui over each of which there exists a map si : Ui → P (X) such that the

composition (f × f)πsi is homotopic to (f × f)|Ui
. In this situation, if

(f × f)πsi = (f × f)|Ui
, the smallest such integer n is called the naive topo-

logical complexity of f and is denoted by tc(f). The following properties

and examples were given in [55].

• cat(f) ≤ TC∗(f) ≤ min{TC(X), cat(f × f), tc(f)}. The equality

TC∗(f) = tc(f) holds if f is a �bration.

• TC∗(f) ≥ cℓR(Ker(∆
∗ : H∗(X × X) → H∗(X)) ∩ Im((f × f)∗ :

H∗(Y × Y ) → H∗(X ×X))).

• If f : Sn → Sm is any map, then TC∗(f) = 0 if n ̸= m or if

n = m and degree of f is 0. Otherwise, TC∗(f) = 1 if n is odd and

TC∗(f) = 2 if n is even. So, TC(f) ̸= TC∗(f).

• tc(f) ≤ TC(X) and equality holds if f is injective.

In 2020, Jamie Scott developed his idea of the topological complexity

of a map in [63]. He gave the most comprehensive survey of properties of

his invariant and compared it with those of Pave²ic and Murillo�Wu. Scott

de�ned the topological complexity of a map f : X → Y , denoted4 TC•(f),

as the smallest integer n such that there exist open sets U1, . . . , Un+1 that

cover X × X and maps si : Ui → P (Y ) satisfying si(x, y)(0) = f(x) and

si(x, y)(1) = f(y). This de�nition was obtained to parallel that of cat(f)

and implies that TC•(f) = tc(f). In [63, Theorem 3.4], he gave equivalent

characterizations of TC•(f). Unlike Pave²ic's TC(f) that satis�ed nice prop-

erties only for �brations, Scott's TC•(f) satis�ed all the properties as cat(f)

without additional assumptions. Moreover, due to its de�nition in terms of

pullback, it was slightly easier to work with than Murillo�Wu's TC∗(f) and

tc(f). Scott obtained the following new properties for his invariant.

• cat(f) ≤ TC•(f) ≤ min{TC(X),TC(Y ), cat(f × f)}.
• If g : Z →W , then TC•(f × g) ≤ TC•(f) + TC•(g).

• If h : Y → Z, then TC•(hf) ≤ min{TC•(f),TC•(h)}.
• TC•(f) = cat(f) if X is an H-space.

3Here, we use the notation TC∗(f) to distinguish from Pave²ic's notion.
4This is the notation we use to distinguish this notion of complexity of maps from other
notions from this section, which we denoted by TC(f) and TC∗(f).
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After various notions of TC of maps were presented, a natural next step

was to develop a unifying notion that has all the (or, at least, most of the re-

quired) nice properties. At the same time, mathematicians were interested

in developing sequential versions of the topological complexity of maps.

Both these feats were achieved by César A. Ipanaque Zapata and González

towards the end of 2022. Their theory was actually motivated by Rudyak's

sequential topological complexity of spaces and Pave²ic's topological com-

plexity of maps and describes an advanced multitasking motion planning

problem in robotics. For a map f : X → Y and integers 1 ≤ s ≤ m

where m ≥ 2, Zapata and González de�ned the (m, s)-higher topological

complexity of f , denoted TCm,s(f), as follows in [67]. Let Jm be the wedge

of m closed intervals [0, 1]i where 0i ∈ [0, 1]i are identi�ed. De�ne a map

efm,s : XJm → Xm−s ×Xs as efm,s = (IdXm−s × fs)πXm , where πXm is the �-

bration evaluating at each (j − 1)/(m− 1). Then, TCm,s(f) := secat(efm,s).

This recovers TCm(X) when f is the identity map for any s ≥ 1. Also,

taking m = 2 and s = 1, Pave²ic's TC(f) is recovered. In terms of a robot,

s is the number of tasks the kinematic map f must take into account, and

m− s is the number of con�gurations (or input positions).

Shortly before this notion, Rudyak and Soumen Sarkar had de�ned

in [61] their version of TCm(f) as an extension to TC∗(f). It was shown

in [67, Section 3.4] that their invariant is a special case of TCm,s(f) for �bra-

tions that admit sections. The following results were shown for TCm,s(f).

• TCm,s(f) ≤ min{TCm+1,s(f),TCm+1,s+1(f)}. If f is a �bration,

then TCm,s(f) ≤ cat(Xm−s × Y s) as well.

• TCm,s(f) ≥ max{secat(f s), cat(Xm−s−1 × Y s)} when s < m.

• If g : Z →W and (X×Z)m−s×(Y ×Z)m is a normal CW complex,

then TCm,s(f × g) < TCm,s(f) + TCm,s(g).

• If h : W → X and g : Y → Z, then TCm,s(fh) ≤ TCm,s(f) and

TCm,s(g) < TCm,s(gf).

• If ∆m,s := (IdXm−1 × f s)∆m : X → Xm−s × Y s, then there is a

cohomological lower bound TCm,s(f) ≥ cℓR(Ker(∆
∗
m,s)).

9.2. Parametrized topological complexity. Typically, in real-world sit-

uations, mechanical systems are expected to function in a variety of situ-

ations that involve external conditions (such as the presence of obstacles,

etc.) that are not a priori �xed. To accommodate all such situations in

general, and not just the collision-free motion as seen in Section 5.1, where
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there were no obstacles besides the robots themselves, more �universal�

and ��exible� motion planning algorithms were needed. Ideally, such algo-

rithms should be able to take into account all relevant external conditions

as parameters, alongside the initial and the �nal positions, and produce as

output the motion of the system that respects the external conditions. In

particular, when the external parameters are objects with a priori unknown

positions, the motion should be collision-free. Clearly, the original concept

of topological complexity cannot guarantee to accommodate the complexity

of this kind of parametrized motion.

In 2020, Cohen, Farber, and Shmuel Weinberger studied the problem

of developing parameterized motion planning algorithms. Basically, they

introduced a notion of topological complexity associated with each �bration

p : E → B that will measure the complexity of motion planning algorithms

in all con�guration spaces that are parametrized by p : E → B. As in

the classical case of TC, they aimed to realize their new invariants as the

sectional category of some maps. Their theory in [4] develops as follows.

Let P̂ (E) := {ϕ ∈ P (E) | pϕ is constant} and

E ×B E := {(e, e′) ∈ E × E | p(e) = p(e′)}.

Let Π : P̂ (E) → E ×B E be the end-points evaluation �bration. Then, the

parametrized topological complexity of p : E → B, denoted TC[p : E → B]

or TCB(X), is de�ned as secat[Π : P̂ (E) → E×BE]. Here, each �ber p−1(b)

is the con�guration space of the system constrained by external conditions

p ∈ B. This recovers the notion of TC: if the external conditions are

not changing for a con�guration space X, then for the trivial �bration

p : X × B → B, one gets TC[p : X × B → B] = secat(p × IdB) = TC(X).

Also, for principal G-bundles p : E → B, TCB(G) = TC(G) = cat(G).

The authors showed that TC[p : E → B] is a homotopy invariant of FHE

�brations and also provided some sharp upper bounds and lower bounds for

TC[p : E → B] in [4, Section 7] to make estimates.

The authors used their invariant to plan the obstacle-avoiding collision-

free motion of n ≥ 1 robots in Rk, for k ≥ 3 odd, in the presence of r ≥ 2

obstacles whose positions are not known in advance. The parametrized

complexity of such a motion planning algorithm turns out to be 2n+ r− 1.

Interestingly, in the space Rk, the (non-parametrized) complexity cannot

exceed 2n. So, as was intuitively obvious, planning a parametrized motion
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is a much more complex task. In a subsequent work [5], by developing

new and more advanced algebraic machinery, the authors solved the above

problem when k ≥ 2 is even. The parametrized complexity in that case

turns out to be 2n+ r − 2.

As a natural extension, Farber and Amit Kumar Paul introduced in 2022

the sequential versions of parametrized topological complexity. The idea is

similar. Given a �bration p : E → B and timestamps 0 ≤ t1 < · · · < tm ≤ 1,

let Em
B := {(e1, . . . , em) | p(ei) = p(ej)} and Πm : P̂ (E) → Em

B be the

�bration evaluating at ti for all 1 ≤ i ≤ m. Then the m-th sequential

parametrized topological complexity of p : E → B, denoted TCm[p : E → B],

is de�ned as secat[Πm : P̂ (E) → Em
B ], [32] It is a homotopy invariant

and satis�es most of the nice properties as TC[p : E → B] and TCm(X),

see [32] for details. For the obstacle-avoiding collision-free motion in Rk,

the authors determined that the m-th sequential parametrized complexity

values are mn+r−1 when k is odd and mn+r−2 when k is even, thereby

generalizing the known results for the case m = 2.

10. Latest advancements in motion planning

We end this paper in this section by looking at some of the most recent

advancements in motion planning that have taken place in the last year.

Towards the end of 2023, Dranishnikov and Jauhari decided to work on

motion planning for some advanced autonomous systems, such as robots

like Terminator 2 from the eponymous movie, that are capable of breaking

and reassembling. They �gured that this advanced feature could help to

plan a di�erent kind of motion, which could potentially reduce the com-

plexity of navigation. The idea is as follows. At a given initial position x,

the system breaks into �nitely many weighted pieces. These pieces travel

independently to a given �nal position y. Then at y, the pieces reassemble

back into the original system. Such a navigation situation can be found, for

example, in the case of huge �ocks of identical drones traveling between two

given positions. To deal with this situation mathematically, one can put an

upper bound n on the number of pieces into which the system can break

while traveling between all possible pairs of con�gurations. The theory is

developed as follows in [19] for metric spaces.

De�ne an n-distributed path in X from x to y to be an unordered

collection of weighted paths inX from x to y whose weights are non-negative
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and add up to 1. If P (x, y) denotes the space of paths in X that start at

x and end at y, then the collection of all n-distributed paths from x to

y is Bn(P (x, y)), i.e., the space of probability measures in P (x, y) having

support at most n. The algorithm that gives the above motion should be

a continuous function that assigns to each pair (x, y) an n-distributed path

from x to y. Note that the breaking of the system into n pieces is like

an n-th degree discontinuity of its motion. So, naturally, one would want

to minimize this number n to obtain the most optimal motion. This gives

birth to the following new invariant.

De�nition 10.1 ([19]). The distributional topological complexity of a space

X, denoted dTC(X), is the smallest integer n such that there exists a con-

tinuous map s : X × X → Bn+1(P (X)) satisfying s(x, y) ∈ Bn+1(P (x, y))

for all (x, y) ∈ X ×X.

Dranishnikov and Jauhari showed that dTC is a homotopy invariant

and is a potential improvement to TC, in the sense that dTC(X) ≤ TC(X),

where the inequality can be strict. To study dTC better, they also de-

veloped a distributional version of LS-category, denoted dcat, such that

dcat(X) ≤ cat(X). The authors showed that dTC has most of the nice

properties as TC and it interacts with dcat in the same way as TC interacts

with cat. Sharp cohomological lower bounds were also obtained for dTC(X)

and dcat(X) using the cohomology of the symmetric products of X×X and

X, respectively. In particular, the inequality zcℓQ(X) ≤ dTC(X) holds, [19,

Corollary 4.13]. Furthermore, as analogues to Schwarz's results in the clas-

sical case, characterizations of these new invariants were obtained in terms

of well-known �brations. The following important examples and properties

were obtained in [19] for dTC.

• dTC(RPn) = 1 for all n, in stark contrast to the peculiar and chal-

lenging case of TC(RPn).

• dTC values agree with the respective TC values on CPn, Σg, S
n,

and �nite graphs.

• If X,Y are aspherical CW complexes, then dTC(X ∨ Y ) = k if

dim(X ∨ Y ) < k := max{dTC(X), dTC(Y ), dcat(X × Y )}.
• dTC(X) = dcat(X) if X is a topological group.
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Around the same time, Ben Knudsen and Weinberger were looking for

an �analog� version of Farber's �digital� notion of probabilistic topologi-

cal complexity (see Section 5.1). Independent of Dranishnikov�Jauhari, in

2023�2024, they developed a new, improved version of TC, which they called

analog topological complexity and denoted by ATC. In their paper [49], they

also de�ned and studied sequential versions of ATC, denoted ATCm, and an

analog version of LS-category, denoted acat. Roughly speaking, for de�ning

their invariants, they use Bn(P (X)) space equipped with the canonical quo-

tient topology from [48]. However, the topology considered on Bn(P (X))

in [19] was induced by the Lévy�Prokhorov metric [57]. While that could

potentially be a reason for dTC and ATC to be di�erent notions, [49] conjec-

tured that ATC(X) = dTC(X) for metric spaces X. In any case, ATC and

dTC satisfy similar properties, and their introduction around the same time

presents strong evidence of the naturality of these ideas and emphasizes

the need for their emergence to potentially advance the �eld of topological

robotics. The following important results were proved in [49].

• ATCm(RPn) ≤ 2m+1 for all n, in contrast to the case of TCm(RPn).

• If Γ is a �nite group, then ATCm(Γ) ≤ |Γ| − 1.

• acat(Γ) = cd(Γ) when Γ is a torsion-free discrete group (this is an

analogue of the Eilenberg�Ganea theorem, see Section 6.2).

A few weeks after [19], Jauhari introduced the sequential versions of dis-

tributional topological complexity, denoted dTCm. As a natural extension,

these invariants cater to the motion planning of advanced systems which

have to attain a sequence of positions xi at given timestamps ti ∈ [0, 1] by

breaking and reassembling repeatedly into �nitely many pieces of the same

weights at each position xi, see [47, Section 1.A] for details. He showed

that the properties for dTC can be generalized to dTCm. In his paper, he

developed the theory of distributional sectional category (whose idea was

introduced implicitly in [19, Section 5]) and obtained sharp cohomologi-

cal lower bounds to dTCm in Alexander�Spanier cohomology that helped

greatly in the computations. Furthermore, he showed using simple argu-

ments that for any metric space X and m ≥ 2, dTCm(X) ≤ ATCm(X).

So, dTCm is a not-necessarily-strict improvement to ATCm. New results

from [47] can be listed as follows.

• dTCm+1(X) = dcat(Xm) if X is a CW H-space.

• dcat(Xm−1) ≤ dTCm(X) ≤ min{dcat(Xm), dTCm+1(X)} for all m.
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• dTCm values agree with the respective TCm values for �nite products

of spheres, Σg, and product of Σg with �nite products of spheres.

• dTCm(X) ≥ m− 1 if Hd(X;Q) ̸= 0 for some d ≥ 1.

Very recently, Dranishnikov contributed further to the theory of dTC

in [18] and obtained many new results. He completed more calculations

for dTC by showing that dTC(Ng) = 4 for all g ≥ 4 using his work on

TC(Ng) done in [16], and that dTC(Zp) = p − 1 for all primes p by pro-

viding an extension of Singhof's theorem on dimension of categorical sets

to arbitrary simplicial complexes. Furthermore, through a deeper study of

the connectivity of the space Bn(Z) for a possibly disconnected space Z

(compare with the result of [48] in simply connected case), he removed the

assumption of the asphericity of the CW complexes X and Y in the deter-

mination of the formula for dTC(X ∨ Y ) obtained in [19], and proved that

dTC(X#Y ) = 2n for closed n-dimensional manifolds X and Y under some

very special conditions, see [18, Theorem 4.7].

Concluding remarks

In this paper, we saw two major themes: the development of new tools

and techniques to settle computations in the �eld of topological complexity,

and the emergence of new ideas that led to the development of nuanced

and more advanced versions of topological complexity. These themes in-

tertwine beautifully, and together, they have led to a vast subject where

problems of motion planning are dealt with from the perspective of topol-

ogy. Topological complexity has been a rapidly evolving discipline; still,

there are many problems to be solved and advancements to be made. New

theories are waiting to be developed, and existing theories are demanding

new insights. Hopefully, continued active research will bring the �eld of

topological complexity into the mainstream of topology.
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FUNDAMENTAL THEOREM OF ARITHMETIC"

JHIXON MACÍAS

(Received : 07 - 06 - 2025)

In this note, we correct the �nal proof of the paper [1]. The idea is to

show that the set of prime numbers P is dense in the topological space X :=

(N2, τ), where τ is the topology generated by the basis β := {On : n ≥ 2},
On := {d ∈ N2 : d | n}, and N2 is the set of integers ≥ 2. The argument

we used in [1] was the following:

Suppose that P is not dense in X. Then there exists n ∈ N2 such that

On ∩ P = ∅. Thus n is not prime and cannot be factored into primes.

Likewise, neither do the divisors of n. Let ∆ := {n ∈ N2 : On ∩ P = ∅}. It

is clear that N2 \∆ is the set of all m ∈ N2 such that m is prime or can be

factored into primes. Therefore, for every n ∈ ∆ and m ∈ N2 \∆, we have

On ∩ Om = ∅. Now, let A =
⋃

n∈∆On and B =
⋃

m∈N2\∆Om. Then A

and B are disjoint open sets in X, such that N2 = A ∪ B, in other words,

A and B form a separation of X, which is absurd since X is connected.

However, this argument is not correct because it assumes that for every

n ∈ ∆ and m ∈ N2 \ ∆, we have On ∩ Om = ∅. To see that this is false,

it su�ces to take n ∈ ∆ and p ∈ P, and let m = np. It is easy to see that

m ∈ N2 \∆, but On ∩ Om = On ̸= ∅.
Fortunately, we found another proof that, although simple, is correct

and elegant. The argument is as follows:

Proof. Suppose that P is not dense in X. Then there exists n such that

On ∩ P = ∅. Clearly, n is not a prime number, and it cannot be divisible

by a prime number either; the same holds for each of its divisors. However,

if we consider d := min{x : x ∈ On}, then necessarily Od = {d}, and

consequently, d is a prime number. This leads to a contradiction. □
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Therefore, P is dense in X, and by virtue of [1, Theorem 2.1], we obtain

the topological proof of the fundamental theorem of arithmetic.
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Abstract. We introduce the concept of colour equivalence patterns

on Rubik's cubes. These are patterns where: (a) the six colours are �rst

split into two sets of three, (b) within each set those three colours must

be distributed equally, and (c) the distributions of the two sets must

be mirror images of one another. The complete set of such patterns is

�rst obtained by computer programs. The patterns are then analysed

from both geometrical and group theoretical perspectives, which can

di�er signi�cantly. The group theory results are presented at a level

appropriate for students just learning the subject.

1. Introduction

It is 50 years now since the Rubik's cube was invented, with several 100

million cubes sold since then. Mathematicians immediately realised that

it is far more than just a puzzle though, and has a deep underlying group

theoretical structure [1, 2, 3, 4]. This reveals, for example, that it is not

possible to exchange two side pieces while leaving everything else in place.

This property is very familiar to anyone who has ever played around with

cubes for any length of time, but to provide a rigorous proof that it could

never be done requires some rather sophisticated group theory. Another

interesting question is the maximum number of turns needed to solve an

arbitrary position. Direct computer searches show this to be 11 for the

2× 2× 2 cube, and 20 for the 3× 3× 3 cube [8]. For the general n× n× n

cube this so-called group diameter scales as n2/ log n [5].

There are also enthusiasts who are simply interested in a variety of

pretty patterns that can be constructed, without regard to any special

mathematical properties they might have. An online search easily yields
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several dozen such patterns, many of them very intricate, but typically pre-

sented without any associated mathematical analysis. One recent attempt

to bridge this gap between very abstract mathematics on the one hand ver-

sus pretty patterns on the other introduced the concept of colour equality

patterns [6, 7], which were de�ned to be patterns where all six colours are

distributed exactly equally. That is, if you had two identically arranged

cubes, you could rotate them with respect to one another such that any

given colour on the �rst cube and any other colour on the second cube

would coincide in all of their positions.

Figure 1a shows an example of such a colour equality pattern. We begin

by arbitrarily choosing the colours red/yellow/blue (r/y/b) to constitute

the front, and orange/white/green (o/w/g) the back. Then take the three

side pieces around the r/y/b front corner and the three side pieces around

the o/w/g back corner � which will together be known as the `3+3' side

pieces � and rotate each set clockwise as shown. All six colours are clearly

distributed in exactly the same way. The study of colour equality patterns

as a whole is then concerned with �nding all such patterns, systematically

classifying them according to their various symmetries, etc. One discovery is

that there are patterns having di�erent symmetries, so di�erent that they

are mutually incompatible. That is, two patterns might each separately

satisfy colour equality, but if you try to combine them, colour equality is

violated. This is certainly an interesting result, but it does also mean that

the set of all colour equality patterns does not constitute a group.

(a) (b)

Figure 1. (a) A colour equality pattern. (b) A
colour equivalence pattern. In each case the left panel
shows the three faces on the front, and the right
panel the three faces on the back, after the cube has
been turned over. Supplementary Material available at
eprints.whiterose.ac.uk/229635/ also includes tem-
plates to cut out and tape together to form cubes which can
then be rotated as desired to see the equality/equivalence
relations between the di�erent colours even more clearly.



COLOUR EQUIVALENCE PATTERNS AND GROUPS ON RUBIK'S CUBES 63

Next, suppose we arrange those same `3+3' side pieces around the front

and back corners as in Figure 1b. The r/y/b front pieces are still rotated

clockwise, but now the o/w/g back pieces are rotated counter-clockwise.

Strict colour equality, between all six colours, is then no longer satis�ed.

However, we can observe two things: First, within each {r,y,b} and {o,w,g}

set separately, colour equality is still satis�ed. Second, the patterns formed

by red and orange, say, are not the same, but they are mirror images of

each other. And since yellow and blue were already seen to be equal to red,

and white and green equal to orange, we realise that we still have a nice,

symmetrical equivalence between the two colour sets.

Let us therefore de�ne colour equivalence patterns to be patterns of this

type, with {r,y,b} and {o,w,g} satisfying equality within each set, and being

mirror images between the two sets. As before, we would then like to �nd

all such patterns, systematically classify them in various ways, etc. One

di�erence that will become apparent below is that the equivalence patterns

are far more regular than the equality patterns were, with every pattern

having the same symmetries, and thus being mutually compatible. From

the point of view of studying di�erent symmetries, this makes the equality

patterns the more interesting set. On the other hand, precisely this mutual

compatibility means that the set of all colour equivalence patterns does

constitute a group.

The purpose of this article is then to derive the full set of equivalence

patterns, and analyse them from both geometrical and group theoretical

perspectives. At the end I also outline how the 2×2×2 equality patterns can

be split into two (partially overlapping) sets that do satisfy the requirements

to be groups, with the details left as an exercise for readers. My hope is

that both types of patterns might not only be interesting in their own

right, in terms of symmetries of three-dimensional patterns, but that the

resulting groups could serve as useful examples for students encountering

group theory for the �rst time.

2. The Corners

We start with the 2×2×2 cube consisting only of corners. The corners

of all larger cubes follow exactly the same rules. The number of possible

con�gurations, 7! ·36 ≈ 4 ·106, is su�ciently small that we can scan through

them all with a computer and pick out the ones that satisfy the colour
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equivalence criterion. There turn out to be 18 such patterns, shown in Fig-

ure 2. The representation is as before, with three faces that constitute the

front, then the cube is �ipped over to show the three faces on the back. The

mirror symmetry between red versus orange, yellow versus white, and blue

versus green is again easily recognisable. The three-fold symmetry among

{r,y,b} and {o,w,g} also shows the equality within the given set. Once

again though, to fully appreciate the patterns it is best to construct ac-

tual 3D cubes, using the templates provided in the Supplementary Material

(eprints.whiterose.ac.uk/229635/).

The labels in Figure 2 indicate the group structure. First, the standard

solved con�guration I is the identity element. Let's focus next on the three

patterns X, Y , and Z, since these allow us to generate the entire group.

X is easiest to describe; it simply rotates the r/y/b front corner one twist

I X X
2

Y XY X
2

Y

Y
2

XY
2

X
2

Y
2

Z XZ X
2

Z

YZ XYZ X
2

YZ

Y
2

Z XY
2

Z X
2

Y
2

Z

Figure 2. The 18 corner patterns, labeled according to how
they are constructed from the basic actions {X,Y, Z}.
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clockwise, and the o/w/g back corner one twist counter-clockwise. Y is

slightly more complicated, but just like X it also leaves all eight corners in

their original positions. The r/y/b front and o/w/g back pieces also retain

their original orientation. The three corners around the r/y/b front piece

each rotate one twist clockwise, the three corners around the o/w/g back

piece one twist counter-clockwise. From these geometrical de�nitions we

can immediately see that X3 = Y 3 = I and XY = Y X, that is, X and Y

commute.

The third pattern Z has the most complicated geometrical action, but

even it is relatively straightforward to understand. The front and back

corners again remain in their original positions, and with their original ori-

entation. The other six pieces switch places with their diagonally opposite

partners, while maintaining the same relative orientation to one another.

That is, they undergo a 180◦ �ip as if they were a single connected ob-

ject. From this de�nition we can again easily see that Z2 = I and also

XZ = ZX. The commutation relation between Y and Z is less obvious,

and indeed they don't commute. By directly carrying out the various steps

involved, you should be able to convince yourself that ZY = Y 2Z and

similarly ZY 2 = Y Z.

At this point, make sure also that you fully understand what combi-

nations of this type mean. Think of {X,Y, Z} not just as static patterns

that are whatever they happen to be, but also think of them as instructions

telling you what to do next. That is, a combination such as XY Z tells you:

First start with the instructions Z, which when applied to the original con-

�guration gives you just the pattern called Z. Next apply the instructions

Y to this pattern Z, which gives you something else. Finally apply the

instructions X to whatever you just produced, and that is the �nal pattern

called XY Z. Interpreting {X,Y, Z} as instructions and not just as static

patterns is precisely why it was so important to �rst clarify what exactly

it is that they actually do, in terms of rotating and/or moving the various

corners. You will probably �nd it useful also to construct actual cubes,

including �lling in some colours yourself on the blank templates provided,

to really see how the di�erent corners move around under combined actions

like these.

Given the results X3 = Y 3 = Z2 = I and the various commutation

relations, it is straightforward to work out that the 18 elements XmY n
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and XmY nZ, with m,n = 0, 1, 2, are the only possibilities. Any other

combinations of these three elements could always be reduced to one of

these 18 elements. And sure enough, Figure 2 consists of exactly these

18 elements. Furthermore, from the basic de�nitions we see that X and

X−1 = X2 should be mirror images in terms of which corners rotate which

way, and similarly Y and Y −1 = Y 2 should be mirror images. In contrast, Z

is its own inverse, and correspondingly has no handedness. If you carefully

compare various pairs of patterns, you �nd that this handedness of X and

Y then also exactly carries over to all the combinations; for example XY 2Z

and X2Y Z are mirror image partners, as we would expect if their X versus

X2 and Y 2 versus Y parts separately are mirror images.

There is one further twist to these patterns and how best to represent

them: Suppose we de�ne W = XZ. From a geometrical perspective this

combination is needlessly complicated compared with the relative simplic-

ity of X and Z separately. However, from the group theoretical perspec-

tive something rather interesting happens. Using our previous results that

XZ = ZX and X3 = Z2 = I, it is straightforward to obtain W 2 = X2,

W 3 = Z, W 4 = X, W 5 = X2Z, and �nally W 6 = I. The important ones

here areX = W 4 and Z = W 3. That is, X and Z can both be reconstructed

from the single element W . From an abstract group theoretical perspective,

we recognise therefore that we don't need three generators {X,Y, Z}; we
can also obtain the entire group from just the two generators {W,Y }.

It is important to emphasise also that this entire geometrical and group

theoretical labeling and analysis was done only after the patterns had orig-

inally been obtained by the computer search. The computer program con-

ducted its search based entirely on the original geometrical de�nition of

colour equivalence, and simply produced the 18 patterns here. It was only

afterwards that a careful examination revealed them to be a group, geomet-

rically best described by the three elements {X,Y, Z}, but group theoreti-

cally most compactly de�ned by just the two elements {W,Y }.

3. Adding the Centres

Moving on to 3 × 3 × 3 cubes, the �rst step is to consider how these

corner patterns �t together with the centres. The centres form a rigid

lattice, so there are only 24 ways it can be oriented with respect to the

corner patterns. Three of these are compatible with colour equivalence,
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corresponding to successive rotations about the r/y/b � o/w/g preferred

axis, as shown in Figure 3. In the language of group theory the Figure 3a

orientation is the identity element Ic, then 3b is the generator C, 3c has the

orientation C2, and �nally 3d is back to C3 = Ic.

If we next examine the side pieces in Figure 3, in 3a and 3b they are all

in their original positions. In 3c and 3d though, the same `3+3' side pieces

as in Figure 1 have each been exchanged with their diagonally opposite

partners. This exchange is not a side piece action though, which we will get

to below. Instead, it is required by the corner element Z, which is present in

both 3c and 3d. This requirement to diagonally exchange these `3+3' side

pieces for the nine corner patterns containing Z comes about because of the

point noted in the introduction, that two side pieces cannot be exchanged

while leaving everything else in place. In particular, if you try to construct

any corner pattern containing Z along with the side pieces as in 3a or 3b,

the last two side pieces will be in the wrong positions. Adding these three

diagonal exchanges gets you back to an even number of side piece switches,

which can be done.

That is, the nine corner patterns that do not contain Z must have

their standard side piece arrangement as in Figures 3a and 3b, whereas the

(a)

(c)

(b)

(d)

Figure 3. The centre and corner labelings for these pat-
terns are: (a) IcX, (b) C Y , (c) C2 Z, (d) IcXY Z. As
noted also in the text, the labels (Ic, C, C

2, Ic) refer to the
arrangements of the centres only, and constitute rotations
about the r/y/b � o/w/g preferred axis. X and Y apply to
the corners only, exactly as before. Z applies to the corners
as before, but additionally the arrangement of the side pieces
in (c,d) is part of the new de�nition of Z.
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nine corner patterns that do contain Z must have their standard side piece

arrangement as in Figures 3c and 3d. The only remaining question is, how

to describe this in the language of group theory? It's quite simple: we just

extend the de�nition of the element Z (or equivalently W , if we want to

use the {W,Y } representation). That is, X and Y remain as before, and

act only on the corners, exactly as before. In contrast, Z now acts on the

corners exactly as before, but in addition also does this diagonal exchange

of the `3+3' side pieces (which very conveniently is also still consistent with

colour equivalence).

4. The Side Pieces

The number of possible con�gurations for the side pieces is 12! · 210 ≈
5 · 1011, far greater than the 4 · 106 possibilities for the corner pieces. Nev-

ertheless, even a number as large as this is still manageable by the direct

computational approach, requiring only a few days on a reasonably powerful

workstation. The results show that the 12 side pieces can be arranged in

144 di�erent ways that are consistent with colour equivalence. The equiv-

alent of Figure 2, that is, explicitly showing all 144 patterns, would then

be rather unwieldy. However, just as the 18 patterns in Figure 2 could be

constructed out of a much smaller number of generators, for the side pieces

also the 144 patterns can be constructed out of a relatively small number

of geometrically simple actions.

Indeed, we have already seen one of these actions before, namely the

clockwise/counter-clockwise rotation of the `3+3' side pieces in Figure 1b.

This clearly contributes a factor of three to our target of 144. Another action

we can do is to �ip these same `3+3' side pieces in place. Alternatively, we

can take the other six side pieces, constituting a `ring' that separates the

front and back halves of the cube, and �ip those in place. At this point we

thus have 3 ·2 ·2 = 12 possibilities. The remaining factor of 12 that we need

to achieve our target of 144 comes from two further geometrical actions,

one yielding a factor of two, and the other a factor of six. Can you think

what they are? Solutions are provided in the Supplementary Material, but

perhaps you can already discover these two geometrical actions yourself.

Another interesting point comes about when we consider the associated

group structure. For the corners we already saw that geometrically the

patterns are best described by the three actions {X,Y, Z}, but that group



COLOUR EQUIVALENCE PATTERNS AND GROUPS ON RUBIK'S CUBES 69

theoretically we can actually specify things more compactly in terms of

just two generators {W,Y }. For the side pieces we will similarly �nd that

geometrically these 144 patterns are best described by the three actions

already mentioned here, plus the further two actions in the Supplementary

Material. However, from the group theoretical perspective, we again do not

need �ve generators. There is a certain redundancy among the geometrical

actions, with the result that any one of them can be constructed from

suitable combinations of the others. The entire group can ultimately be

constructed from only three generators. Full details are again presented

in the Supplementary Material. Any readers though who have deduced

the missing two geometrical actions can further think about which actions

might then be constructible from some of the others.

5. Conclusion

Starting from the previous concept of colour equality patterns on Ru-

bik's cubes [6, 7], we constructed the new category of colour equivalence

patterns. By direct computational searches, we found that there are 18

corner patterns and 144 side piece patterns. Together also with three pos-

sible arrangements of the centres, there are therefore 18 · 144 · 3 = 7776

di�erent equivalence patterns. For the 18 corner patterns we analysed the

group structure in full detail, and showed that it can be obtained from just

three generators {X,Y, Z}, corresponding to relatively simple geometrical

actions, or even from just two generators {W,Y }, if we are willing to ac-

cept that W = XZ is geometrically more complicated than either X or Z

alone. For the 144 side piece patterns we left most of the details for the

Supplementary Material, but here also there are relatively simple geomet-

rical actions, and ultimately just three generators are needed to create the

entire group.

Let us return also to our starting point, the colour equality patterns.

As already noted in the introduction, equality patterns cannot constitute

one single group, since there are mutually incompatible patterns. However,

it turns out that the 2 × 2 × 2 corner patterns can be suitably split up

into two separate groups. The Supplementary Material includes two sets

{x, y, z} and {U, V } that allow you to construct the entire groups. We

then compare the {X,Y, Z} equivalence group with the {x, y, z} equality

group, and show that the underlying group structure is the same, although
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curiously enough the way the elements have to be matched up is not quite

as simple as X ↔ x, Y ↔ y, Z ↔ z.

Finally, it is interesting to note how colour equality is simpler than

colour equivalence, in terms of the original geometrical de�nitions, but in

terms of the group structures, equivalence is simpler than equality. For

equivalence all of the patterns nicely constitute one single group, whereas

for equality they require this somewhat awkward splitting into separate

groups. Is there some underlying reason for this? I don't know, but if

anyone can discover something here, I would certainly be very interested to

hear about it!

Acknowledgement: I thank the referee for their useful comments.
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Abstract. We exhibit a simple formula that uni�es all three cases of

the solution to the di�erential equation satis�ed by an undriven har-

monic oscillator damped by a frictional force proportional to the veloc-

ity. A brief elementary proof that every solution can be so expressed

is also provided.

1. Introduction

It is well known that if α and ω are real constants, then the real-valued

function x : R → R satis�es the second order homogeneous linear di�eren-

tial equation
d2x

dt2
+ 2α

dx

dt
+ ω2x = 0 (1.1)

if and only if there exist real constants c1 and c2 such that for all real t,

x(t) = e−αt


c1 cos(t

√
ω2 − α2) + c2 sin(t

√
ω2 − α2), if α2 < ω2,

c1 + c2t, if α2 = ω2,

c1 cosh(t
√
α2 − ω2) + c2 sinh(t

√
α2 − ω2), if α2 > ω2,

(1.2)

and that the equation (1.1) models the behavior of an undriven harmonic

oscillator subject to a frictional damping force proportional to the velocity.

Of course, the two cases of the solution (1.2) for which α2 ̸= ω2 can be

uni�ed using complex numbers. Thus, if β is any non-zero complex root of

the equation α2 + β2 = ω2, then there exist complex constants c1 and c2

such that for all real t,
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x(t) = e−αt
(
c1 cos(βt) + c2 sin(βt)

)
= e−αt

(
A1e

iβt +A2e
−iβt

)
, (1.3)

where A1 = (c1 − ic2)/2, A2 = (c1 + ic2)/2, and i2 = −1. However, since

x is assumed to be real-valued, not all combinations of complex constants

are permissible in (1.3). For example, if β is non-zero and purely imaginary

(so α2 > ω2 and consequently iβ is non-zero and real) then ic2 must also

be real. But (see Theorem 1.1 below) by introducing the unnormalized sinc

function, an entire function de�ned for all complex z by

sinc(z) :=
∞∑
n=0

(−1)n
z2n

(2n+ 1)!
=

{
(sin z)/z, if z ̸= 0,

1, if z = 0,
(1.4)

all three cases of the solution (1.2) can be uni�ed via the single formula

x(t) = e−αt
(
κ cos(βt) + λt sinc(βt)

)
, (1.5)

where β is any root of the equation α2+β2 = ω2, and κ and λ are arbitrary

real constants.

Treatments of the di�erential equation (1.1) usually derive the three

cases (1.2) of the solution separately [13], often by employing either the

Laplace transform, the exponential ansatz, or operational methods [2, 6, 7].

Alternatively [10, 12], one can �rst make a change of variable that reduces

the di�erential equation (1.1) to the frictionless case α = 0. See [14] for a

brief outline of several of the aforementioned approaches.

The solution in the critically damped case α2 = ω2 is almost univer-

sally derived either ab initio, or as a limiting case of one of the other two

cases [1, 2, 3, 8, 13, 17]. The fact that all solutions of (1.1) necessarily have

the form (1.2) often goes unmentioned, or is brie�y stated without proof

as a consequence of more general uniqueness results�either for the inverse

Laplace transform or for a wider class of linear di�erential equations with

speci�ed initial conditions. In light of this state of a�airs, and the rela-

tive simplicity of the compact form (1.5) of the solution�which permits

treating all three cases simultaneously on an equal footing, with no need to

distinguish separate cases or resort to limiting arguments�we believe there

may be some pedagogical value in providing a brief elementary proof of the
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following result.

Theorem 1.1. Let α ∈ R, let ω ∈ R, and let β ∈ C be such that α2+β2 =

ω2. Then the function x : R → R satis�es the di�erential equation (1.1) if

and only if there exist constants κ ∈ R and λ ∈ R such that for all t ∈ R,

x(t) is given by the formula (1.5).

2. The Proof

Proof. Let x : R → R satisfy the di�erential equation (1.1). De�ne func-

tions κ = κ(t) and λ = λ(t) for t ∈ R by the equations

κ =
(
x cos(βt) −

(
x′ + αx

)
t sinc(βt)

)
eαt,

λ =
(
βx sin(βt) +

(
x′ + αx

)
cos(βt)

)
eαt,

(2.1)

in which the customary abbreviations x = x(t), x′ = x′(t) = dx/dt are

employed to reduce parenthetical clutter. Note that since α and ω are both

real and α2 + β2 = ω2, it follows that β is either real or purely imaginary;

i.e. β ∈ R or iβ ∈ R. Thus, as cos(βt), sinc(βt), and β sin(βt) are all even

functions of β, and as α is real and x is real-valued, it follows that κ and

λ as given by (2.1) are both real-valued functions of the real variable t. In

fact, we shall presently see that κ and λ are constant functions; i.e. κ ∈ R

and λ ∈ R. To this end, �rst observe that for any complex constant β,

d

dt

(
t sinc(βt)

)
=

d

dt

∞∑
n=0

(−1)n
β2nt2n+1

(2n+ 1)!

=

∞∑
n=0

(−1)n
(βt)2n

(2n)!
= cos(βt), (2.2)

and

d

dt
cos(βt) = −β sin(βt) = −β2t sinc(βt). (2.3)

With the help of the derivative formulas (2.2) and (2.3), the de�ning equa-

tions (2.1) for κ and λ imply that the derivatives κ′ = κ′(t) = dκ/dt and

λ′ = λ′(t) = dλ/dt are given by

κ′ =
(
x′ cos(βt)− β2xt sinc(βt)−

(
x′′ + αx′

)
t sinc(βt)

−
(
x′ + αx

)
cos(βt)

)
eαt +

(
x cos(βt)−

(
x′ + αx

)
t sinc(βt)

)
αeαt

= −
(
x′′ + 2αx′ + (α2 + β2)x

)
teαt sinc(βt)
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and

λ′ =
(
βx′ sin(βt) + β2x cos(βt) +

(
x′′ + αx′

)
cos(βt)

−
(
x′ + αx

)
β sin(βt)

)
eαt +

(
βx sin(βt) +

(
x′ + αx

)
cos(βt)

)
αeαt

=
(
x′′ + 2αx′ + (α2 + β2)x

)
eαt cos(βt).

In view of the relationship α2+β2 = ω2 and the di�erential equation (1.1),

it follows that κ′ and λ′ both vanish identically. Consequently, κ and λ

are both independent of t. Having seen already that κ and λ are both real-

valued, we may regard κ and λ as real constants by identifying each with its

unique value as a constant function. Eliminating x′ from the equations (2.1)

now yields the representation (1.5).

For the converse, let κ ∈ R and λ ∈ R be constants, and suppose that

the function x is de�ned for all real t by the formula (1.5). Again, since α

and ω are both real and α2 + β2 = ω2, β is real or purely imaginary. Thus,

as cos(βt) and sinc(βt) are both even functions of β, it follows that x is

real-valued. Clearly x as given by (1.5) is also di�erentiable to all orders,

and one easily veri�es that it satis�es the di�erential equation (1.1). □

3. Examples

Example 3.1 (Frictionless mass-spring system). A frictionless mass-spring

system with positive mass m and non-negative spring constant k is mod-

eled by the di�erential equation mx′′ + kx = 0, which can be rewritten in

the form (1.1) with α = 0 and ω =
√

k/m. By the principle of super-

position, every solution can be written as a linear combination of any two

linearly independent solutions. If ω > 0, then the solutions x1(t) = cos(ωt),

x2(t) = sin(ωt) are linearly independent and are typically employed for this

purpose. With this choice, one writes x(t) = c1 cos(ωt) + c2 sin(ωt), where

c1 and c2 are constants that are determined by the initial conditions via the

equations c1 = x(0), ωc2 = x′(0). If ω = 0, then the latter equation fails to

determine c2, and moreover the solutions x1 and x2 are no longer linearly

independent. Thus a separate treatment of the degenerate case ω = 0 is

necessary with this approach. While this is simple enough to carry out, we

nevertheless advocate instead for employing the solutions x1(t) = cos(ωt),

x2(t) = t sinc(ωt), which are linearly independent regardless of the value of

ω. By Theorem 1.1 we can now write x(t) = c1 cos(ωt) + c2 t sinc(ωt). It
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is easy to see that c1 = x(0), c2 = x′(0), and no separate treatment of the

degenerate case ω = 0 is required.

Example 3.2 (Forced harmonic oscillator). Let γ and ω be positive con-

stants. An undamped harmonic oscillator with natural frequency ω driven

by an external force of unit magnitude and frequency γ satis�es the inho-

mogeneous linear di�erential equation x′′ + ω2x = cos(γt). For simplicity,

suppose that the initial conditions x(0) = x′(0) = 0 are satis�ed. If the

frequencies γ and ω are distinct, then the solution can be written in either

of the two equivalent forms

x(t) =
cos(γt)− cos(ωt)

ω2 − γ2

=
2

ω2 − γ2
sin

((
ω − γ

2

)
t

)
sin

((
ω + γ

2

)
t

)
.

(3.1)

From a numerical point of view, both representations (3.1) are somewhat

awkward to deal with in the case of practical resonance (i.e., when γ is

nearly equal to ω). The alternative representation

x(t) =
t

ω + γ
sinc

((
ω − γ

2

)
t

)
sin

((
ω + γ

2

)
t

)
(3.2)

seems preferable, since it is valid even if γ = ω ̸= 0, and makes the phe-

nomenon of practical resonance readily apparent. Since sinc(0) = 1, the

representation (3.2) (as opposed to either representation in (3.1)) also ex-

poses the form of the solution in the case of pure resonance (γ = ω) as

x(t) =
t sin(ωt)

2ω

without the need for computing a limit. One could go even further and

rewrite (3.2) in the equivalent form

x(t) =
1

2
t2 sinc

((
ω − γ

2

)
t

)
sinc

((
ω + γ

2

)
t

)
,

so that the degenerate case

x(t) =
1

2
t2

(in which γ = ω = 0) can be readily ascertained, again without the need

for computing a limit.
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Concluding comments

The nomenclature �sinc� for a normalized version of (1.4) was appar-

ently �rst proposed in [16, eq. (24)]. Our unnormalized sinc function co-

incides with the zeroth-order spherical Bessel function of the �rst kind [9,

Eq. 10.49.3], and may also be denoted by sinc in the literature [11]. (See

also [9, Eq. 3.3.44] and [15].)

In [4] and [5], Fourier transforms of products of sinc functions are eval-

uated (respectively using the inclusion-exclusion principle and repeated in-

tegration by parts) to determine the distribution of the sum of n non-

identically distributed uniform random variables. Several additional prob-

lems in which the sinc function naturally arises are described in [11].

It is easy to see that κ = x(0) and λ = x′(0) + αx(0) in (1.5). One

can motivate the de�nition of the functions κ and λ in (2.1) by di�erentiat-

ing (1.5) with respect to t while assuming κ and λ are both constant, and

then solving the resulting system of two equations for κ and λ.

Acknowledgement: Thanks are due to the referee for a number of sug-

gestions that led to improvements in the exposition.
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Abstract. The remarkable harmonic series formula (proved by Fur-

dui and Sînt m rian in 2023) and the �rst part of open problem 3.105

in the recent monograph Sharpening mathematical analysis skills, con-

cerns the calculation of a series involving consecutive classical harmonic

numbers

∞∑
n=1

HnHn+1Hn+2

n (n+ 1) (n+ 2)
=

5

8
ζ (4) +

5

4
ζ (3)− 1

2
ζ (2) .

In this paper we provide a new proof of this harmonic series formula.

Our proof is reminiscent of author's proof in his paper [2].

1. Introduction

The main concern of this article is the following remarkable harmonic

series formula:

Theorem 1.1.

∞∑
n=1

HnHn+1Hn+2

n (n+ 1) (n+ 2)
=

5

8
ζ (4) +

5

4
ζ (3)− 1

2
ζ (2) .

The classical proof of this result can be found in [6]. Our goal in this

paper is to give a new proof of this result and this new approach is robust

and depends on the partial fraction decomposition.

Throughout this paper, Hn denotes the nth-classical harmonic number

de?ned by Hn =
∑n

k=1
1
k and ζ (s) denotes the Riemann zeta function,

which is de�ned by ζ (s) =
∑∞

n=1
1
ns , ℜ(s) ≥ 1.
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Key words and phrases: Harmonic series, Product of classical harmonic numbers,
linear harmonic sums, nonlinear harmonic sums
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1.1. Organization of the paper. The paper is organized as follows: In

Section 2 several linear and nonlinear harmonic sums are established, while

in Section 3 we treat the proof of Theorem1.1.

In the following, the linear harmonic sums and nonlinear harmonic sums

will be applied extensively in the proofs of lemma and theorem.

(i)
∞∑
n=1

Hn

n2
= 2ζ(3) [4, pp. 471-472];

(ii)
∞∑
n=1

Hn

n3
=

5

4
ζ(4) [5, pp. 207-208];

(iii)
∞∑
n=1

H2
n

n2
=

17

4
ζ (4) [3, pp. 267-268];

(iv)
∞∑
n=1

H2
n

n (n+ 1)
= 3ζ (3) [7, Corollary 2, p. 111];

(v)
∞∑
n=1

H2
n

(n+ 1) (n+ 2)
= 1 + ζ (2) [8, (8)];

(vi)
∞∑
n=1

H2
n

(n+ 1)2
=

11

4
ζ (4) [9, Equation (2)];

(vii)
∞∑
n=1

H3
n

n (n+ 1) (n+ 2)
= 5ζ (4)− 2ζ (3)− ζ (2)− 1

2
[10, Remark 2.1].

2. Preliminaries

In this section we focus on establishing the required intermediary lemma.

Lemma 2.1. The following identities hold:

(a)

∞∑
n=1

(
Hn+2

n+ 2

)2

=
17

4
ζ (4)− 25

16
;

(b)

∞∑
n=1

(
1

(n+ 1) (n+ 2)
+

1

(n+ 2)2

)2

= ζ(4)− 2ζ(3) +
23

16
;

(c)

∞∑
n=1

Hn+2

(
1

n+ 1
+

1

n+ 2

)
(n+ 2)2

= −2ζ(3) +
5

4
ζ(4) +

23

16
;

(d)

∞∑
n=1

H2
n

(n+ 2)2
=

11

4
ζ (4) + 2ζ (3)− 3;

(e)

∞∑
n=1

H2
n

n (n+ 1) (n+ 2)
=

3

2
ζ (3)− 1

2
ζ (2)− 1

2
;
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(f)

∞∑
n=1

2H2
n

n (n+ 1)2 (n+ 2)
+

∞∑
n=1

H2
n

n (n+ 1) (n+ 2)2

= −33

8
ζ (4) +

19

4
ζ (3) +

1

4
ζ (2)− 5

4
;

(g)

∞∑
n=1

Hn

n (n+ 1)3 (n+ 2)
+

∞∑
n=1

Hn

n (n+ 1)2 (n+ 2)2

= −1

4
ζ (4)− 3

2
ζ (3) +

1

4
ζ (2) +

7

4
.

Proof. (a)
∞∑
n=1

(
Hn+2

n+ 2

)2

=

∞∑
i=1

H2
i

i2
− 25

16

=
17

4
ζ (4)− 25

16
.

(b) By partial fraction decomposition, we have,

∞∑
n=1

(
1

(n+ 1) (n+ 2)
+

1

(n+ 2)2

)2

=

∞∑
n=1

1

((n+ 1) (n+ 2))2
+

∞∑
n=1

1

(n+ 2)4
+

∞∑
n=1

2

(n+ 1) (n+ 2)3

=

∞∑
n=1

1

(n+ 1)2
−

∞∑
n=1

1

(n+ 2)2
−

∞∑
n=1

2

(n+ 2)3
+

∞∑
n=1

1

(n+ 2)4

=

 ∞∑
j=1

1

j2
− 1

−

 ∞∑
j=1

1

j2
− 5

4

− 2

 ∞∑
j=1

1

j3
− 9

8

+ ∞∑
j=1

1

j4
− 17

16


= ζ(4)− 2ζ(3) +

23

16
.

(c) The in�nite series in Lemma2.1 part (c) is rewritten successively as

follows:
∞∑
n=1

Hn+2

(
1

(n+ 1) (n+ 2)2
+

1

(n+ 2)3

)

=
∞∑
n=1

Hn+2

(
1

(n+ 1) (n+ 2)
− 1

(n+ 2)2
+

1

(n+ 2)3

)

=

∞∑
n=1

Hn+2

(
1

n+ 1
− 1

n+ 2
− 1

(n+ 2)2
+

1

(n+ 2)3

)
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=
∞∑
n=1

Hn+2

n+ 1
−

∞∑
n=1

Hn+2

n+ 2
−

∞∑
n=1

Hn+2

(n+ 2)2
+

∞∑
n=1

Hn+2

(n+ 2)3

=
∞∑
n=1

Hn+1

n+ 1
+

∞∑
n=1

1

(n+ 1) (n+ 2)
−

∞∑
n=1

Hn+2

n+ 2
−

∞∑
n=1

Hn+2

(n+ 2)2

+
∞∑
n=1

Hn+2

(n+ 2)3

=

( ∞∑
m=1

Hm

m
− 1

)
+

1

2
−

( ∞∑
m=1

Hm

m
− 7

4

)
−

( ∞∑
m=1

Hm

m2
− 11

8

)
(
+

∞∑
m=1

Hm

m3
− 19

16

)

= −2ζ(3) +
5

4
ζ(4) +

23

16
.

(d)
∞∑
n=1

H2
n

(n+ 2)2
=

∞∑
n=1

(
Hn+2 −

(
1

n+ 1
+

1

n+ 2

))2

(n+ 2)2

=

∞∑
n=1

(
Hn+2

n+ 2

)2

+

∞∑
n=1

(
1

(n+ 1) (n+ 2)
+

1

(n+ 2)2

)2

− 2

∞∑
n=1

Hn+2

(
1

n+ 1
+

1

n+ 2

)
(n+ 2)2

=
11

4
ζ (4) + 2ζ (3)− 3.

(e) By partial fraction decomposition, we have,

∞∑
n=1

H2
n

n (n+ 1) (n+ 2)
=

1

2

[ ∞∑
n=1

H2
n

n (n+ 1)
−

∞∑
n=1

H2
n

(n+ 1) (n+ 2)

]

=
3

2
ζ (3)− 1

2
ζ (2)− 1

2
.

(f) By partial fraction decomposition, we have,

2

∞∑
n=1

H2
n

n (n+ 1)2 (n+ 2)
+

∞∑
n=1

H2
n

n (n+ 1) (n+ 2)2

= 2

( ∞∑
n=1

H2
n

n (n+ 1)2
−

∞∑
n=1

H2
n

n (n+ 1) (n+ 2)

)
+
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1

2

( ∞∑
n=1

H2
n

n (n+ 1) (n+ 2)
−

∞∑
n=1

H2
n

(n+ 1) (n+ 2)2

)

= 2

( ∞∑
n=1

H2
n

n (n+ 1)
−

∞∑
n=1

H2
n

(n+ 1)2

)
− 3

2

∞∑
n=1

H2
n

n (n+ 1) (n+ 2)
+

1

2

(
−

∞∑
n=1

H2
n

(n+ 1) (n+ 2)
+

∞∑
n=1

H2
n

(n+ 2)2

)

=
11

8
ζ (4) +

19

4
ζ (3) +

1

4
ζ (2)− 5

4
− 2

∞∑
n=1

H2
n

(n+ 1)2

= −33

8
ζ (4) +

19

4
ζ (3) +

1

4
ζ (2)− 5

4
.

(g) By partial fraction decomposition, we have,

∞∑
n=1

Hn

n (n+ 1)3 (n+ 2)
+

∞∑
n=1

Hn

n (n+ 1)2 (n+ 2)2

= −3

4

∞∑
n=1

Hn

n+ 2
+

3

4

∞∑
n=1

Hn

n
−

∞∑
n=1

Hn

(n+ 1)2
−

∞∑
n=1

Hn

(n+ 1)3

− 1

2

∞∑
n=1

Hn

(n+ 2)2

=
3

4

( ∞∑
n=1

Hn

n
−

∞∑
n=1

Hn+2

n+ 2
+

∞∑
n=1

1

(n+ 1) (n+ 2)
+

∞∑
n=1

1

(n+ 2)2

)

−
∞∑
n=1

Hn+1

(n+ 1)2
+

∞∑
n=1

1

(n+ 1)3
−

∞∑
n=1

Hn+1

(n+ 1)3
+

∞∑
n=1

1

(n+ 1)4

− 1

2

∞∑
n=1

Hn+2

(n+ 2)2
+

1

2

∞∑
n=1

(
1

n+ 1
+

1

n+ 2

)
(n+ 2)2

=
3

4

(
7

4
+

1

2
+ ζ (2)− 5

4

)
− 2ζ (3) + ζ (3)− 5

4
ζ (4) + ζ (4)−

ζ (3) +
11

16
+

ζ (3)

2
+

5

16
− ζ (2)

2

= −1

4
ζ (4)− 3

2
ζ (3) +

1

4
ζ (2) +

7

4
.

□

3. Proof of Theorem1.1

Proof. The in�nite series in Theorem1.1 is rewritten successively as follows:
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∞∑
n=1

(
H2

n +
Hn

n+ 1

)(
Hn +

1

n+ 1
+

1

n+ 2

)
n (n+ 1) (n+ 2)

=
∞∑
n=1

H3
n

n (n+ 1) (n+ 2)
+2

∞∑
n=1

H2
n

n (n+ 1)2 (n+ 2)
+

∞∑
n=1

H2
n

n (n+ 1) (n+ 2)2

+
∞∑
n=1

Hn

n (n+ 1)3 (n+ 2)
+

∞∑
n=1

Hn

n (n+ 1)2 (n+ 2)2

=
∞∑
n=1

H3
n

n (n+ 1) (n+ 2)
− 33

8
ζ (4) +

19

4
ζ (3) +

1

4
ζ (2)− 5

4
+

∞∑
n=1

Hn

n (n+ 1)3 (n+ 2)
+

∞∑
n=1

Hn

n (n+ 1)2 (n+ 2)2
[by Lemma2.1 part (f)]

=
∞∑
n=1

H3
n

n (n+ 1) (n+ 2)
− 33

8
ζ (4) +

19

4
ζ (3) +

1

4
ζ (2)− 5

4
−

1

4
ζ (4)− 3

2
ζ (3)+

1

4
ζ (2)+

7

4
[by Lemma2.1 part (g)]

=
∞∑
n=1

H3
n

n (n+ 1) (n+ 2)
− 35

8
ζ (4) +

13

4
ζ (3) +

1

2
ζ (2) +

1

2

= 5ζ (4)− 2ζ (3)− ζ (2)− 35

8
ζ (4) +

13

4
ζ (3) +

1

2
ζ (2)

=
5

8
ζ (4) +

5

4
ζ (3)− 1

2
ζ (2) ,

and the theorem is proved.

□
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ELEMENTARY PROOFS OF TWO CONGRUENCES

FOR PARTITIONS WITH ODD PARTS REPEATED AT

MOST TWICE
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Abstract. In a recent article on overpartitions, Merca considered the

auxiliary function a(n) which counts the number of partitions of n

where odd parts are repeated at most twice (and there are no restric-

tions on the even parts). In the course of his work, Merca proved the

following: For all n ≥ 0,

a(4n+ 2) ≡ 0 (mod 2), and

a(4n+ 3) ≡ 0 (mod 2).

Merca then indicates that a classical proof of these congruences would

be very interesting. The goal of this short note is to ful�ll Merca's

request by providing two truly elementary (classical) proofs of these

congruences.

1. Introduction

A partition of a positive integer n is a �nite non�increasing sequence of

positive integers λ1 ≥ λ2 ≥ · · · ≥ λk such that λ1 + λ2 + · · ·+ λk = n. We

refer to the integers λ1, λ2, . . . , λk as the parts of the partition. For example,

the number of partitions of the integer n = 4 is 5, and the partitions counted

in that instance are as follows:

4, 3 + 1, 2 + 2, 2 + 1 + 1, 1 + 1 + 1 + 1

The number of partitions of n is denoted p(n), and the corresponding gen-

erating function is given by ∑
n≥0

p(n)qn =
1

f1
(1.1)

2020 Mathematics Subject Classi�cation: 11P83, 05A17
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where fr = (1− qr)(1− q2r)(1− q3r) . . . for any positive integer r.

An overpartition of a positive integer n is a partition of n wherein the

�rst occurrence of a part may be overlined. For example, the number of

overpartitions of n = 4 is 14 given the following list of overpartitions of 4:

4, 4, 3 + 1, 3 + 1, 3 + 1, 3 + 1,

2 + 2, 2 + 2, 2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1,

1 + 1 + 1 + 1, 1 + 1 + 1 + 1

The number of overpartitions of n is often denoted p(n), so from the example

above we see that p(4) = 14. As noted by Corteel and Lovejoy [2], the

generating function for p(n) is given by∑
n≥0

p(n)qn =
f2
f2
1

.

In recent work on overpartitions [5], Merca considered the auxiliary

function a(n) which counts the number of partitions of weight n wherein no

part is congruent to 3 modulo 6. From this de�nition, it is clear that the

generating function for a(n) is given by∑
n≥0

a(n)qn =
∏
i≥1

(1− q6i−3)

(1− qi)
=

∏
i≥1

(1− q6i−3)

(1− qi)
· (1− q6i)

(1− q6i)
=

f3
f1f6

. (1.2)

The function a(n) also counts the number of partitions of n where odd parts

are repeated at most twice (and there are no restrictions on the even parts).

See [6, A131945] for more information.

In [5], Merca proved the following two generating function identities:

Theorem 1.1. We have∑
n≥0

a(4n+ 2)qn = 2
f3f

3
4 f

2
6 f24

f2
1 f

3
2 f8f

2
12

+ 4q
f5
6 f

2
24

f3
1 f

2
2 f

3
12

− 2q2
f3f

3
4 f

4
24

f2
1 f

2
2 f6f

2
8 f

2
12

+ 4q3
f2
6 f

5
24

f3
1 f

5
2 f8f

3
12

− 8q5
f8
24

f3
1 f6f

2
8 f

3
12

.

Theorem 1.2. We have∑
n≥0

a(4n+ 3)qn = 2
f8
4 f

6
6 f

3
24

f1f7
2 f

3
8 f

7
12

+ 8q
f5
4 f

9
6 f

4
24

f2
1 f

6
2 f3f

2
8 f

8
12

− 2q2
f8
4 f

3
6 f

6
24

f1f6
2 f

4
8 f

7
12

− 16q3
f5
4 f

6
6 f

7
24

f2
1 f

5
2 f3f

3
8 f

8
12

+ 8q5
f5
4 f

3
6 f

10
24

f2
1 f

4
2 f3f

4
8 f

8
12

.

https://oeis.org/A131945
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In [5], Merca relied completely on the work of Radu [7] and Smoot [8]

to provide �automated� proofs of Theorem 1.1 and Theorem 1.2. While

these proofs are indeed correct, they do not provide any insights into the

results themselves. (In particular, the technique provides no guidance as

to whether simpler generating function identities exist.) In this case, the

�power� of these techniques is, in essence, unnecessary.

As corollaries of Theorem 1 and Theorem 2, Merca then noted the

following:

Corollary 1.3. For all n ≥ 0,

a(4n+ 2) ≡ 0 (mod 2), and

a(4n+ 3) ≡ 0 (mod 2).

At the end of [5, Section 4], Merca indicates that a classical proof of

these congruences would be very interesting. The goal of this short note

is to ful�ll Merca's request by providing two truly elementary (classical)

proofs of Corollary 1.3.

In Section 2, we give brief elementary proofs of the following generating

function results (which are much simpler than those in Theorem 1.1 and

Theorem 1.2):

Theorem 1.4. We have∑
n≥0

a(4n+ 2)qn = 2
f2f

2
6 f

2
8

f4
1 f3f12

.

Theorem 1.5. We have∑
n≥0

a(4n+ 3)qn = 2
f4
2 f

2
8 f12

f5
1 f

2
4 f6

.

Clearly, Corollary 1.3 follows immediately from Theorem 1.4 and Theorem

1.5.

Then, in Section 3, we return to the congruences stated in Corollary 1.3

and recall that there are no squares in the arithmetic progressions 4n+2 and

4n+ 3. With this in mind, we link the generating function for a(n) with a

particular theta function which then immediately gives a new proof of these

divisibilities (and sheds some light as to why these particular arithmetic

progressions arise).
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2. Proofs via Simplified Generating Function Identities

In order to prove Theorem 1.4 and Theorem 1.5, we require two elemen-

tary dissection lemmas.

Lemma 2.1. We have

f3
f1

=
f4f6f16f

2
24

f2
2 f8f12f48

+ q
f6f

2
8 f48

f2
2 f16f24

.

Proof. See da Silva and Sellers [3, Lemma 1, (14)]. □

Lemma 2.2. We have

1

f2
1

=
f5
8

f5
2 f

2
16

+ 2q
f2
4 f

2
16

f5
2 f8

.

Proof. See da Silva and Sellers [3, Lemma 1, (11)]. □

These are all the tools needed to complete our proofs in this section.

Proof. (of Theorem 1.4 and Theorem 1.5) We begin by �nding the 2�

dissection of the generating function for a(n), using (1.2) as our starting

point. ∑
n≥0

a(n)qn =
f3
f1f6

=
1

f6

(
f3
f1

)
=

1

f6

(
f4f6f16f

2
24

f2
2 f8f12f48

+ q
f6f

2
8 f48

f2
2 f16f24

)
(Lemma 2.1)

=
f4f16f

2
24

f2
2 f8f12f48

+ q
f2
8 f48

f2
2 f16f24

.

Thus, we can immediately read o� the following:∑
n≥0

a(2n)qn =
f2f8f

2
12

f2
1 f4f6f24

,

∑
n≥0

a(2n+ 1)qn =
f2
4 f24

f2
1 f8f12

.



PARTITIONS WITH ODD PARTS REPEATED AT MOST TWICE 89

We now perform two additional 2�dissections. First,∑
n≥0

a(2n)qn =
f2f8f

2
12

f4f6f24

(
1

f2
1

)

=
f2f8f

2
12

f4f6f24

(
f5
8

f5
2 f

2
16

+ 2q
f2
4 f

2
16

f5
2 f8

)
(Lemma 2.2)

=
f6
8 f

2
12

f4
2 f4f6f

2
16f24

+ 2q
f4f

2
12f

2
16

f4
2 f6f24

.

We then see that ∑
n≥0

a(4n+ 2)qn = 2
f2f

2
6 f

2
8

f4
1 f3f12

and this proves Theorem 1.4. Finally,∑
n≥0

a(2n+ 1)qn =
f2
4 f24
f8f12

(
1

f2
1

)

=
f2
4 f24
f8f12

(
f5
8

f5
2 f

2
16

+ 2q
f2
4 f

2
16

f5
2 f8

)
=

f2
4 f

4
8 f24

f5
2 f12f

2
16

+ 2q
f4
4 f

2
16f24

f5
2 f

2
8 f12

.

Hence, ∑
n≥0

a(4n+ 3)qn = 2
f4
2 f

2
8 f12

f5
1 f

2
4 f6

and this proves Theorem 1.5. □

3. Proof via a Particular Theta Function

We begin this section by stating one additional lemma which we need

as we complete our generating function manipulations below.

Lemma 3.1. For all positive integers a and b, and for all primes p,

f b
ap ≡ f bp

a (mod p).

Proof. This lemma follows immediately from the Binomial Theorem and

the fact that, for any prime p and all 1 ≤ i ≤ p−1, the binomial coe�cients(
p
i

)
are divisible by p. □

We are now in a position to provide an alternative proof of Corollary

1.3. Consider

G(q) :=
f2
2 f3f12
f1f4f6
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which appears in Mersmann's list of the 14 primitive eta�products which are

holomorphic modular forms of weight 1/2. See [1, page 30], [4, Theorem 1.1],

and [6, A089801] for additional details. After some elementary calculations,

we �nd that

G(q) =

∞∑
k=−∞

q3k
2+2k = 1+q+q5+q8+q16+q21+q33+q40+q56+q65+q85+. . .

(3.1)

If we write

G(q) =
∑
n≥0

g(n)qn,

then we see from (3.1) that

g(n) =

1, if n = 3k2 + 2k for some integer k

0, otherwise.
(3.2)

From (1.1), we see that

1

f12
G(q) =

∑
n≥0

p(n)q12n

∑
n≥0

g(n)qn

 .

Moreover,

1

f12
G(q) =

f2
2 f3

f1f4f6

≡ f4f3
f1f4f6

(mod 2) (Lemma 3.1)

=
f3
f1f6

=
∑
n≥0

a(n)qn.

Therefore, we know that

∑
n≥0

a(n)qn ≡

∑
n≥0

p(n)q12n

∑
n≥0

g(n)qn

 (mod 2),

so that, by convolution, we have

a(n) ≡
∑
k≥0

p(k)g(n− 12k) (mod 2) (3.3)

https://oeis.org/A089801
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where we de�ne g(m) = 0 if m < 0. In order to prove the �rst congruence

in Corollary 1.3, we want to focus on a(4n+ 2). Using (3.3), we see that

a(4n+ 2) ≡
∑
k≥0

p(k)g(4n+ 2− 12k) (mod 2)

or

a(4n+ 2) ≡
∑
k≥0

p(k)g(4(n− 3k) + 2) (mod 2).

From this congruence, we see that, if we can prove g(4N +2) = 0 for all N ,

then we will have proven that, for all n ≥ 0,

a(4n+ 2) ≡ 0 (mod 2).

So we now focus our attention on g(4N + 2).

From (3.2), we need to determine whether 4N + 2 = 3k2 + 2k for some

integer k. If such a solution exists, then it means that

3(4N + 2) + 1 = 3(3k2 + 2k) + 1 = (3k + 1)2

which is clearly square. However, 3(4N + 2) + 1 = 12N + 7 ≡ 3 (mod 4),

and we know that there are no squares that are congruent to 3 modulo 4.

Thus, there can be no solutions, which means g(4N + 2) = 0 for all N .

Similarly, the focus of the second congruence in Corollary 1.3 is a(4n+3),

which means we need to show that g(4N +3) = 0 for all N . Using a similar

argument to the above, we can show that this is true because 4N + 3 =

3k2 + 2k for some integer k if and only if

3(4N + 3) + 1 = 3(3k2 + 2k) + 1 = (3k + 1)2

which is clearly square. However, 3(4N + 3) + 1 = 12N + 10 ≡ 2 (mod 4),

and there are no squares congruent to 2 modulo 4. So g(4N +3) = 0 for all

N , and this means that

a(4n+ 3) ≡
∑
k≥0

p(k)g(4(n− 3k) + 2) (mod 2) ≡ 0 (mod 2).
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A NICE INTEGRAL REPRESENTATION OF

CATALAN'S CONSTANT REVISITED

NANDAN SAI DASIREDDY

(Received : 03 - 10 - 2024 ; Revised : 23 - 02 - 2025)

Abstract. This short note contains a simple proof of following inte-

gral representation of catalan's constant C =

∞∑
j=0

(−1)j

(2j + 1)2∫ π/4

0

log

(
cosu+ sinu

cosu− sinu

)
du = C.

1. Introduction

The result ∫ π/4

0
log

(
cosu+ sinu

cosu− sinu

)
du = C, (1.1)

was established in 1867 in Bierens de Haan's famous treatise [1, under

entry 287.14]. Very Recently, in the November 2020 issue of the Mathemati-

cal Gazette [2, Equation (35)], Seán Mark Stewart has revived and brought

to light (1.1) by giving a proof of it which was based on the calculation

of the logarithmic integral
∫ π/4
0 log (cosu− sinu) du = −C

2 − π
8 log 2 and

a recent proof based on the formula −
∫ π/4
0 log tan t dt = C was given by

Raymond Mortini in [3].

In this short note we derive (1.1) in a simple way.

2. The proof

Our proof is based on the well-known result

C = −
∫ 1

0

log (x)

1 + x2
dx, (2.1)

a proof of which will be recalled below. By using the substitution

2020 Mathematics Subject Classi�cation: Primary 26A99; Secondary 65D20
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x =
cosu− sinu

cosu+ sinu
, so that dx = − 2

(cosu+ sinu)2
du

(note the monotonicity on [0, π/4] → [0, 1]) , we obtain

C = −
∫ 1

0

log (x)

1 + x2
dx = −

∫ 0

π/4

log

(
cosu− sinu

cosu+ sinu

)
(

2

(cosu+ sinu)2

) −2

(cosu+ sinu)2
du

= −
∫ π/4

0
log

(
cosu− sinu

cosu+ sinu

)
du =

∫ π/4

0
log

(
cosu+ sinu

cosu− sinu

)
du.

Now we recall for the readers convenience the standard proof of (2.1):

∫ 1

0

log (x)

1 + x2
dx =

∫ 1

0
log (x)

 ∞∑
j=0

(−1)j x2j

 dx.

Since,∣∣∣∣∣∣
N∑
j=0

(−1)j x2j log (x)

∣∣∣∣∣∣ ≤
(
1− (−1)N+1 (x2)N+1

)
|log (x)|

x2 + 1
≤ 2 |log (x)|

and that log x is an L1-function on ]0, 1[, we can interchange the order

of integration and summation, giving us

−
∞∑
j=0

(−1)j
(
−
∫ 1

0
x2j log (x) dx

)

= −
∞∑
j=0

(−1)j

(2j + 1)2

= −C.
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SOME NOTES ON PARABOLIC PROJECTILE

MOTION

PETER R. MERCER

(Received : 07 - 10 - 2024 ; Revised : 13 - 07 - 2025)

Abstract. We use �rst-semester calculus to make various observa-

tions about parabolic projectile motion.

1. Introduction

We use �rst-semester calculus to obtain some interesting geometric as-

pects of projectile �ight paths having launch angle θ ∈ (0, π/2). The paths

are parabolic: their foci trace a semi-circle, their maxima trace a semi-

ellipse, and their envelope is part of another parabola.

2. Background

The �ight of a projectile launched with initial velocity v > 0 and angle

θ ∈ (0, π/2) from horizontal, impeded only by gravity g, is well-modeled by

x = v cos(θ)t

t ≥ 0 .

y = −1
2gt

2 + v sin(θ)t

(2.1)

The projectile begins �ight when t = 0 and returns to the ground when

t = 2v sin(θ)
g , at which time

x = v cos(θ)
2v sin(θ)

g
=

v2 2 cos(θ) sin(θ)

g
=

v2 sin(2θ)

g
. (2.2)

Maximizing x with respect to θ, the projectile has maximal horizontal

range when θ = 1
4 π = 45◦.
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Eliminating t in (2.1), makes it (perhaps) more evident that the trajec-

tory is parabolic:

y = −1

2

g

(v cos(θ))2
x2 + tan(θ)x . (2.3)

In [4] (also [6]) is an interesting analysis, beginning with (2.3), which

shows that the projectile attains maximal �ight path length when θ is

the solution of

2v2

g
cos(θ)

[
1− sin(θ) ln

(
1 + sin(θ)

cos(θ)

)]
= 0 .

This gives

θ ≈ (0.3137)π ≈ 56.47◦.

In [1], beginning with (2.1), it is shown that this θ (also) solves the more

succinct

csc(θ) = coth(csc(θ)).

In [2] it is shown that the projectile achieves maximal area under

the �ight path when θ = 1
3 π = 60◦, a fact which appears to be not well

known.

In the next section we verify this di�erently than in [2] for its own sake,

but also to serve as a segue to further investigation.

3. A Different Parameter

Using (2.2) and (2.3), the area between the �ight path and the x-axis is

A =

∫ v2 sin(2θ)
g

0

[
−1

2

g

(v cos(θ))2
x2 + tan(θ)x

]
dx.

We are interested in when dA
dθ = 0, which seems rather unwieldy. Using

instead the parameter m = tan(θ) (the slope of the parabola at the origin)

and employing sec2(θ) = tan2(θ) + 1 and sin(2θ) = 2 tan(θ)
1+tan2(θ)

= 2m
m2+1

, we

get

A =

∫ v2

g
2m

m2+1

0

[
− g

2v2
(m2 + 1)x2 +mx

]
dx .

Now, dA
dθ = dA

dm
dm
dθ = dA

dm sec2(θ) and sec2(θ) > 0, so we need only be con-

cerned with dA
dm . Performing the integration we get

A =
2m3v4

3g2(m2 + 1)2
.
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Then, after some simpli�cation,

dA

dm
=

−2m2v4(m2 − 3)

3g2(m2 + 1)3
.

Therefore dA
dm = 0 when m = 0 or m = ±

√
3 . But only m = +

√
3 yields

θ ∈ (0, π/2), speci�cally θ = 1
3 π = 60◦. This clearly yields the maximum

we seek.

4. More with this Parameter

Other interesting aspects can be observed by utilizing m = tan(θ) as

our parameter. As θ goes from 0 to π/2, m goes from 0 to ∞.

• Foci: The focus of a parabola y = ax2+bx+c is the point
(
− b

2a ,
4ac−b2+1

4a

)
.

So the foci of our parabolas

y = − g

2v2
(m2 + 1)x2 +mx (4.1)

are (xf , yf ) =
(
v2

g
m

m2+1
, v2

2g
m2−1
m2+1

)
. As m goes from 0 to ∞, xf goes from

0 to v2

2g (at m = 1), and then back to 0. Meanwhile, yf goes from v2

2g to 0

(m = 1), and then to −v2

2g . So there appears to be symmetry. In fact, it is

easily veri�ed that

x2f + y2f =

(
v2

g

m

m2 + 1

)2

+

(
v2

2g

m2 − 1

m2 + 1

)2

=
1

4

v4

g2
.

Therefore, as m goes from 0 to ∞, the foci trace (counterclockwise) the

right-half of the circle with center (0, 0) and radius r = v2

2g . This semi-

circle has area π
8
v4

g2
.

A similar analysis yields the following, which can be found in [3]. (It is

obtained there by entirely di�erent means.)

• Maxima: Our parabolas have maxima (y′ = 0) also at xm = v2

g
m

m2+1
, at

which ym = v2

2g
m2

m2+1
. Here, as m goes from 0 to ∞, ym goes from 0 to v2

4g

(m = 1), and then to v2

2g . So there appears to be symmetry with respect to

y = v2

4g . Indeed, a bit of algebra reveals that(
v2

g

m

m2 + 1

)2

+

(
v2

2g

m2

m2 + 1
− v2

4g

)2

=

(
v2

g

m

m2 + 1

)2

+

(
v2

4g

m2 − 1

m2 + 1

)2

= −3

(
v2

4g

m2 − 1

m2 + 1

)2

+
1

4

v4

g2
.
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Figure 1. Five �ight paths, with maxima on the orange
ellipse and foci on the green circle.

That is, (
v2

g

m

m2 + 1

)2

+ 4

(
v2

2g

m2

m2 + 1
− v2

4g

)2

=
1

4

v4

g2
.

Therefore, as m goes from 0 to ∞, the maxima trace (counterclockwise) the

right-half of the ellipse

x2

(v2/2g)2
+

(y − v2

4g )
2

(v2/4g)2
= 1

with center (0, v
2

4g ). This semi-ellipse has area π
16

v4

g2
; half the area of the

semi-circle of foci obtained above.

See Figure 1, which shows the semi-circle of foci, the semi-ellipse of

maxima, along with �ve possible trajectories.

• Envelope: The envelope of all trajectories is the curve consisting of points
which share a tangent line with some particular trajectory [5]. (Points on

the envelope are precisely those which can be hit in just one way � that is,

with exactly one θ ∈ (0, π/2).) This envelope is given by the simultaneous
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Figure 2. The envelope, and four of the trajectories
which make it up.

equations

F (x, y,m) = y +
g

2v2
(m2 + 1)x2 −mx = 0

m ≥ 0 .
∂F (x,y,m)

∂m =
mg

v2
x2 − x = 0

(4.2)

The second equation gives m2 = v4/x2g2 and mx = v2/g. Substituting

these into the �rst equation yields the parabola

y = − g

2v2
x2 +

v2

2g
.

The area between this parabola and the positive x-axis is∫ v2

g

0

(
− g

2v2
x2 +

v2

2g

)
dx =

1

3

v4

g2
.

See Figure 2, which shows the envelope, and four of the trajectories which

make it up. As Figure 2 is meant to suggest, the envelope is made from

parabolas having m ≥ 1, i.e. θ ≥ 45◦. (Parabolas having m < 1 do not

contribute to the envelope.) Here's a veri�cation: The envelope has

y′ = − g

v2
x ,
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APOLLONIUS'S THEOREM: A PROOF BY MEANS OF

THE POWER OF A POINT THEOREM

NANDAN SAI DASIREDDY

(Received : 16 - 11 - 2024 ; Revised : 09 - 10 - 2025)

Abstract. We present a geometric solution to the well-known Apol-

lonius's theorem that consists of (geometrically) constructing the circle

with one of the sides of the triangle as diameter. The main ingredient

of our proof is the power of a point theorem.

1. Introduction

In Euclidean geometry, Apollonius's theorem is a relation between the

length of a median of a triangle and the lengths of its three sides. The

theorem is named after the Greek geometer and astronomer Apollonius of

Perga (240 BCE�c. 190 BCE).

In this note we present a new proof of this celebrated Theorem. The

proofs available in the literature (some of them can be found in [1�7]) are

mostly based on the Pythagorean theorem, dissection, the parallelogram

law, extensive use of the cosine and the sine rules with extremely labori-

ous calculations, Heron's formula and Ptolemy's theorem. In contrast, our

present proof is quite di�erent; the approach we propose is new and com-

bines the straightforwardness of the Pythagorean theorem with the power

of a point theorem.

The statement of the theorem was introduced to the author of this note

in his mathematics book in his high school sophomore year in the Fall of

2012, and it has been his dream to work out an elementary proof ever since.

Finally, one such proof was discovered: it uses nothing more than the basic

properties of circle geometry and the Pythagorean theorem.

2020 Mathematics Subject Classi�cation: 51M04, 51-01
Key words and phrases: Apollonius's Theorem, power of a point theorem, the
Pythagorean theorem

© Indian Mathematical Society, 2025 .
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2. Preliminaries

Thales's Theorem says that if a triangle is inscribed in a circle, with one

of the sides of the triangle as the diameter of the circle, then the triangle is

always a right triangle.

We are going to use Figures 1 and 2 to describe the power of a point

theorem.

Let S, T, U, V be concyclic points in the plane with the secant lines

ST and UV intersecting at point P. If P lies outside the circle (Figure 1),

then the power of a point theorem (also known as the intersecting secants

theorem) states that

PS · PT = PU · PV.

S

T

U

V

P

Figure 1. Power of a point (PS · PT = PU · PV ).
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If P lies inside the circle (Figure 2), the power of a point theorem states

that

PS · PT = PU · PV.

S

T

U

V
P

Figure 2. Power of a point (PS · PT = PU · PV ).

3. Main Theorem

Theorem 3.1. (Apollonius's theorem). Let ABC be a triangle where

a, b, and c are the lengths of the sides of the triangle, and suppose d is the

length of the median from A to BC bisecting the side a. Then

b2 + c2 = 2

(
a2

4
+ d2

)
.

Proof. The canonical proof of this theorem is based on the Pythagorean

theorem but we can still use the power of a point theorem in a very nice

way.

Let ∠B > ∠A > ∠C be the angles of △ABC. Let a, b, c denote BC,

AC, AB. We have three cases.

CASE I. △ABC is acute.
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By condition, let M be the midpoint of BC. Construct the circle with

diameter BC which intersects the secant through A and C at C and D.

Thales's theorem tells us that D is the projection of B onto AC. Denote

E = (BC)∩AM. Let point F be the re�ection of E across the midpoint of

BC. Then point F lies on the circle with diameter BC (Figure 3).

a
2

a
2

c b
d

A

B CM

F

DE

Figure 3. Acute triangle.

The remaining steps consist of straightforward length computations.

We observe that FM = EM = a/2, AE = AM − EM = d − a
2 and

AF = AM+FM = d+ a
2 . By the Pythagorean theorem applied to triangles

BDA and BDC,

a2 − CD2 = c2 − (b− CD)2 ,

which reduces to

CD =
b2 + a2 − c2

2b
,
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so AD = AC − CD = b−
(
b2 + a2 − c2

2b

)
=

b2 + c2 − a2

2b
.

Additionally, the power of a point at A with respect to (DEFC) tells

us that AE · AF = AD · AC =⇒
(
d− a

2

) (
d+ a

2

)
=

(
b2+c2−a2

2b

)
(b) , so

simplifying gives us

2d2 − a2

2
= b2 + c2 − a2.

Rearranging, we get

b2 + c2 = 2

(
a2

4
+ d2

)
as desired.

CASE II. △ABC is right.

By condition, let M be the midpoint of BC. Construct the circle with

diameter BC which intersects the secant through A and C at C and D.

Thales's theorem tells us that D is the projection of B onto AC. Denote

E = (BC)∩AM. Let point F be the re�ection of E across the midpoint of

BC. Then point F lies on the circle with diameter BC (Figure 4).

The remaining steps consist of straightforward length computations.

We observe that FM = EM = a/2, AE = AM − EM = d − a
2 , AF =

AM +FM = d+ a
2 . By the Pythagorean theorem applied to triangles BDA

and BDC,

a2 − CD2 = c2 − (b− CD)2 ,

which reduces to

CD =
b2 + a2 − c2

2b
,

so AD = AC − CD = b−
(
b2 + a2 − c2

2b

)
=

b2 + c2 − a2

2b
.
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a
2

a
2

c b
d

A

B CM

F

D

E

Figure 4. Right triangle.

Additionally, the power of a point at A with respect to (DEFC) tells

us that AE · AF = AD · AC =⇒
(
d− a

2

) (
d+ a

2

)
=

(
b2+c2−a2

2b

)
(b) , so

simplifying gives us

2d2 − a2

2
= b2 + c2 − a2.

Rearranging, we get

b2 + c2 = 2

(
a2

4
+ d2

)
as desired.

As a special case, when constructing the circle with diameter AC let M ′

be the midpoint of AC and let B′ be the re�ection of B across the midpoint

of AC. Then point B′ lies on the circle with diameter AC as in Figure 5.

The power of a point at M ′ with respect to (AB′CB) tells us that

AM ′ · CM ′ = BM ′ ·B′M ′ =⇒ d2 = b2

4 , so simplifying gives us
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4d2 = 2b2 − b2.

Additionally, the Pythagorean theorem applied to △ABC gives

4d2 = 2
(
c2 + a2

)
− b2.

b
2

b
2

c

a

d

A

B C

M ′

B′

Figure 5. Right triangle.

Rearranging, we get

a2 + c2 = 2

(
b2

4
+ d2

)
as desired.

CASE III. △ABC is an obtuse triangle.

By assumption, let M be the midpoint of BC. Construct the circle with

diameter BC which intersects the secant through A and C at points C and

D. Thales's theorem tells us that D is the projection of B onto AC. Denote
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E = (BC)∩AM. Let point F be the re�ection of E across the midpoint of

BC. Then point F lies on the circle with diameter BC (Figure 6).

The remaining steps consist of straightforward length computations.

We observe that FM = EM = a/2, AE = AM − EM = d − a
2 and

AF = AM+FM = d+ a
2 . By the Pythagorean theorem applied to triangles

BDA and BDC,

a2 − CD2 = c2 − (b− CD)2 ,

which reduces to

CD =
b2 + a2 − c2

2b
,

so AD = AC − CD = b−
(
b2 + a2 − c2

2b

)
=

b2 + c2 − a2

2b
.

a
2

a
2

c b
d

A

B CM

F

D

E

Figure 6. Obtuse triangle.
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Additionally, the power of a point at A with respect to (DEFC) tells

us that AE · AF = AD · AC =⇒
(
d− a

2

) (
d+ a

2

)
=

(
b2+c2−a2

2b

)
(b) , so

simplifying gives us

2d2 − a2

2
= b2 + c2 − a2.

Rearranging, we get

b2 + c2 = 2

(
a2

4
+ d2

)
as desired.

As a special case, let M ′ be the midpoint of AC. When constructing

the circle with diameter AC which intersects the secant through B and C

at points C and D′, Thales's theorem tells us that D′ is the projection of

A onto BC. Denote E′ = (BC)∩BM ′. Let point F ′ be the re�ection of E′

across the midpoint of AC. Then point F ′ lies on the circle with diameter

AC as in Figure 7.

The remaining steps consist of straightforward length computations.

We observe that F ′M ′ = E′M ′ = b/2, BE′ = M ′E′ − BM ′ = b
2 − d and

BF ′ = BM ′ + F ′M ′ = d + b
2 . By the Pythagorean theorem applied to

triangles BD′A and AD′C,

c2 −BD′2 = b2 − (a+BD′)2 ,

which reduces to

BD′ =
b2 − a2 − c2

2a
.

Additionally, the power of a point at B with respect to (CE′D′F ′) tells

us that BE′ · BF ′ = BD′ · BC =⇒
(
b
2 − d

) (
b
2 + d

)
=

(
b2−c2−a2

2a

)
(a) , so

simplifying gives us

c2 + a2 − 2d2 =
b2

2
.
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b
2

b
2

c

a

d

A

B C

M ′

F ′

D′

E′

Figure 7. Obtuse triangle.

Rearranging, we get

a2 + c2 = 2

(
b2

4
+ d2

)
,

as desired.

□
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ANTIMAGIC LABELINGS OF A COMPLETE GRAPH

A. N. BHAVALE

(Received : 18 - 11 - 2024 ; Revised : 10 - 10 - 2025)

Abstract. In 1990, Harts�eld and Ringel introduced antimagic graphs.

Harts�eld and Ringel conjectured that every connected graph (and in

particular, a tree) except K2 is antimagic. In 2010, Hefetz et al. raised

two questions: Is every orientation of any simple connected undirected

graph antimagic? and Given any undirected graph G, does there exist

an orientation of G which is antimagic? They call such an orientation

an antimagic orientation of G. Recently, Bhavale provided an edge

labeling for a given graph on n vertices without isolated vertices. In

this paper, using the labeling of Bhavale, we prove that a complete

graph Kn for n ≥ 3 is super antimagic as well as totally antimagic

total graph. We also prove that there exists an antimagic orientation

of Kn for n ≥ 3.

1. Introduction

According to Gallian [3], a graph labeling is an assignment of integers to

the vertices or edges, or both, subject to certain conditions. A labeled graph

G = (V,E) is a �nite series of graph vertices V with a set of graph edges E

of 2-subsets of V (see Weisstein [8]). Formally, given a graph G = (V,E),

a vertex labeling is a function of V to a set of labels; a graph with such a

function de�ned is called a vertex-labeled graph. Likewise, an edge labeling

is a function of E to a set of labels. In this case, the graph is called an

edge-labeled graph. A complete graph on n vertices, denoted by Kn, is a

(simple) graph in which each vertex is connected to every other vertex by

an edge.

Graph labelings were �rst introduced in the mid 1960s. The origin of

graph labelings can be attributed to Rosa [6]. A general survey of graph

labelings is found in Gallian [3]. In the intervening years over 200 graph

2020 Mathematics Subject Classi�cation: 05C78

Key words and phrases: Graph, Digraph, Antimagic labeling, Complete graph
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labelings techniques have been studied in over 3000 papers. There are many

researchers from all over the world working on di�erent kinds of graph la-

belings. In 1990, Harts�eld and Ringel [4] introduced antimagic graphs, i.e.,

graphs having an antimagic labeling. Harts�eld and Ringel [4] conjectured

that every tree as well as a connected graph except K2 is antimagic. Re-

cently, Bhavale [1] obtained an edge labeling for a given vertex labeling of

a simple graph on n unisolated vertices. In this paper, using the labeling of

Bhavale, we prove that a complete graph Kn for n ≥ 3 is super antimagic

as well as totally antimagic total graph. We also prove that there exists an

antimagic orientation of Kn for n ≥ 3. For the other de�nitions, notation,

and terminology see [4, 7].

2. Antimagic labelings of graphs/directed graphs

Let G = (V,E) be a graph with |V | = n and |E| = l. An antimagic

labeling of a graph G is a bijection f : E → {1, 2, . . . , l} such that all the n

vertex sums are pairwise distinct, where a vertex sum is the sum of labels

of all edges incident to that vertex. Thus, if a vertex sum of a vertex u

is denoted by Su then Su =
∑

e∈I(u)

f(e), where I(u) is the set of all edges

incident to u. A graph is called antimagic if it has an antimagic labeling.

Harts�eld and Ringel [4] showed that paths Pn (n ≥ 3), cycles, wheels,

and complete graphs Kn (n ≥ 3) are antimagic. In 2010, Hefetz et al. [5]

investigated antimagic labelings of directed graphs. An antimagic labeling of

a directed graphD with n vertices and l arcs (or directed edges) is a bijection

from the set of arcs of D to the integers {1, 2, . . . , l} such that all n oriented

vertex sums are pairwise distinct, where an oriented vertex sum is the sum

of labels of all edges entering that vertex minus the sum of labels of all

edges leaving it. We de�ne an antimagic labeling of a directed graph
−→
D with

vertices {v1, v2, . . . , vn} and l arcs (or directed edges) as a bijection from

the set of arcs of
−→
D to the integers {1, 2, . . . , l} such that all n vertex sums

are pairwise distinct, where a vertex sum is the sum of labels of all edges

entering as well as leaving that vertex. Let S−
vi =

∑
−→e ∈N−(vi)

f(−→e ), where

N−(vi) = {
−−−−→
(vp, vi) ∈ E(

−→
D)|p < i}. Similarly, let S+

vi =
∑

−→e ∈N+(vi)

f(−→e ),

where N+(vi) = {
−−−−→
(vi, vq) ∈ E(

−→
D)|i < q}. Then the vertex sum of vertex vi

is given by Svi = S−
vi +S+

vi , and the oriented vertex sum of vertex vi is given
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by So
vi = S−

vi − S+
vi . A digraph is called antimagic if it has an antimagic

labeling. Let S = {(i, j)|1 ≤ i < j ≤ n}. Let JN = {k|1 ≤ k ≤ N =
(
n
2

)
}

where n ≥ 2. The following result is due to Bhavale [1].

Theorem 2.1. [1] Let n ≥ 2. De�ne F : S → JN by F (i, j) = (i − 1)n −(
i
2

)
+ j − i,∀(i, j) ∈ S. Then F is bijective, and hence |S| = N =

(
n
2

)
.

Let V (Kn) = {v1, v2, . . . , vn}. Let
−→
Kn be the directed graph associated

with Kn such that whenever 1 ≤ i < j ≤ n there is a directed edge from

vi to vj , (that is,
−−−−→
(vi, vj) ∈ E(

−→
Kn)). Then the following two results follows

from Theorem 2.1.

Corollary 2.2. [1] Consider a directed graph
−→
Kn with vertex labeling {1, 2,

. . . , n}. Then for i < j, a directed edge
−−→
(i, j) ∈ E(

−→
Kn) can be labeled

(uniquely) as k = (i − 1)n −
(
i
2

)
+ j − i ∈ JN . Moreover, for any k ∈ JN

there exists unique directed edge
−−→
(i, j) ∈ E(

−→
Kn).

Corollary 2.3. [1] Suppose
−→
G is a directed subgraph (on n unisolated ver-

tices) of
−→
Kn with vertex labeling {v1, v2, . . . , vn}. Then for i < j, if

−−−−→
(vi, vj) ∈

E(
−→
G) then

−−−−→
(vi, vj) can be labeled (uniquely) as k = (i−1)n−

(
i
2

)
+j−i ∈ JN .

Moreover, if k ∈ JN is a label of an edge −→e ∈ E(
−→
G) then −→e =

−−−−→
(vi, vj).

Note that, Kn is an underlying graph of
−→
Kn. Therefore if

−→
G is a (di-

rected) subgraph of
−→
Kn then its underlying graph G is a subgraph of Kn.

Thus using Corollary 2.3, for a given �nite simple graph G on n uniso-

lated vertices, we get an edge labeling for the graph G, which is uniquely

determined.

Theorem 2.4. A digraph
−→
Kn is antimagic for n ≥ 3.

Proof. Let V (
−→
Kn) = {v1, v2, . . . , vn} and let E(

−→
Kn) = {−→ek =

−−−−→
(vi, vj)|k =

(i − 1)n −
(
i
2

)
+ j − i, 1 ≤ i < j ≤ n}. Let f : E(

−→
Kn) → JN be de�ned as

f(−→ek) = k. Then by Theorem 2.1, f is bijective. Now S−
vi =

∑
−→e ∈N−(vi)

f(−→e ),

where N−(vi) = {
−−−−→
(vp, vi) ∈ E(

−→
Kn)|p < i}.

Therefore S−
vi =

i−1∑
p=1

f(
−−−−→
(vp, vi)) =

i−1∑
p=1

(
(p− 1)n−

(
p

2

)
+ i− p

)

= (n+ 1)

(
i

2

)
− n(i− 1)− i(i− 1)(i− 2)

6
.
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Similarly, S+
vi =

∑
−→e ∈N+(vi)

f(−→e ), where N+(vi) = {
−−−−→
(vi, vq) ∈ E(

−→
Kn)|i < q}.

Therefore S+
vi =

n∑
q=i+1

f(
−−−−→
(vi, vq)) =

n∑
q=i+1

(
(i− 1)n−

(
i

2

)
+ q − i

)

=

(
n

2

)
+ (n− (i+ 1))

(
n(i− 1)−

(
i

2

))
.

But then the vertex sum of vertex vi is given by Svi = S−
vi + S+

vi =
i3

3 − (n − 1)i2 + (n2 − n − 4
3)i −

n(n−3)
2 . We now claim that Svi ̸= Svj for

i ̸= j, i.e., Svi ̸= Svj for vi ̸= vj . For if, suppose Svi = Svj . Without loss of

generality, suppose i < j. As Svj−Svi = 0, we have (j3−i3)
3 −(n−1)(j2−i2)+

(n2−n− 4
3)(j− i) = 0. That is, (j2+ij+i2)

3 −(n−1)(j+ i)+(n2−n− 4
3) = 0,

since j − i > 0. This implies that n2 − nx + y = 0, where x = i + j + 1

and y = (i2+ij+j2−4)
3 + (i + j). Now x2 − 4y = 19

3 − 2(i + j) − (i−j)2

3 = 0,

if i = 1, j = 2, i.e., if n = x
2 = 2, and x2 − 4y < 0, otherwise. This is a

contradiction, since n is an integer ≥ 3. Thus the vertex sums are pairwise

distinct, and hence the proof. □

Note that in the proof of Theorem 2.4, we get x2 − 4y < 0 whenever

Svi = Svj for i < j and n ≥ 3. This implies that n2−nx+y > 0, and hence

Svj − Svi > 0, i.e., Svi < Svj whenever i < j. Also
−→
K2 is not antimagic,

and hence K2 is not antimagic. Now I(vi) = N−(vi)∪N+(vi) and Kn is an

underlying graph of
−→
Kn. Therefore the following result immediately follows

from Theorem 2.4.

Corollary 2.5. A complete graph Kn is antimagic for n ≥ 3.

Proposition 2.6. Let V (
−→
Kn) = {v1, v2, . . . , vn} where n ≥ 3. Then

S−
vi < S−

vj whenever i < j.

Proof. In the proof of Theorem 2.4, we have seen that

S−
vi = (n+ 1)

(
i
2

)
− n(i− 1)− i(i−1)(i−2)

6 . Therefore S−
vj − S−

vi

= (n+ 1)
((

j
2

)
−
(
i
2

))
− n(j − i)−

(
j(j−1)(j−2)

6 − i(i−1)(i−2)
6

)
= (n+ 1)

(
j2−i2

2 − j−i
2

)
− n(j − i)− (j3−i3)−3(j2−i2)+2(j−i)

6

= (j − i)
(
(n+ 1)

(
i+j−1

2

)
− n− (i2+ij+j2)−3(i+j)+2

6

)
= (j − i)

(
n
(
i+j−3

2

)
+ i+ j − i2+ij+j2+5

6

)
= (j − i)

(
n
(
i+j−3

2

)
− (i+j−3)2

6 + ij+4
6

)
> 0, since 1 ≤ i < j. □
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3. Total labelings of graphs/directed graphs

A total labeling of a graph G is a bijection f : V ∪ E → {1, 2, . . . , n +

l}. A total labeling is called super if f(V ) = {1, 2, . . . , n}. For a total

labeling f , the associated edge-weight of an edge e = {u, v} is de�ned by

w(f(e)) = f(u) + f(v) + f(e). The associated vertex-weight of a vertex

v is de�ned by wf (v) = f(v) + Sv. We extend the above de�nitions to

directed graphs as follows. A total labeling of a directed graph
−→
D with

vertex set V and arc set E, is a bijection f : V ∪ E → {1, 2, . . . , n + l}. A
total labeling is called super if f(V ) = {1, 2, . . . , n}. For a total labeling

f , the associated edge-weight of a directed edge −→e = (−→u, v) is de�ned by

w(f(−→e )) = f(u) + f(v) + f(−→e ). The associated vertex-weight of a vertex

v is de�ned by wf (v) = f(v) + S−
v + S+

v . A total labeling f is called edge-

antimagic total (vertex-antimagic total) if all edge-weights (vertex-weights)

are pairwise distinct. A graph (digraph) that admits an edge-antimagic total

(vertex-antimagic total) labeling is called an edge-antimagic total (vertex-

antimagic total) graph (digraph). A labeling that is simultaneously edge-

antimagic total and vertex-antimagic total is called totally antimagic total

labeling. A graph (digraph) that admits a totally antimagic total labeling

is called a totally antimagic total graph (digraph). An edge-antimagic total

labeling is called super if f(V ) = {1, 2, . . . , n} and f(E) = {n + 1, n +

2, . . . , n + l}. A graph (digraph) that admits a super edge-antimagic total

labeling is called a super edge-antimagic total graph (digraph).

Theorem 3.1. For n ≥ 3,
−→
Kn is vertex-antimagic total digraph.

Proof. Let V (
−→
Kn) = {v1, v2, . . . , vn} and let E(

−→
Kn) = {−→ek =

−−−−→
(vi, vj)|k =

(i−1)n−
(
i
2

)
+j−i, 1 ≤ i < j ≤ n}. Let f : V (

−→
Kn)∪E(

−→
Kn) → {1, 2, . . . , n+

l} be de�ned as f(vi) = i,∀vi ∈ V (
−→
Kn) and f(−→ek) = n + k,∀−→ek ∈ E(

−→
Kn).

Then, by Theorem 2.1, f is bijective. Hence f is not only total labeling but

super also. Therefore wf (vi) = f(vi)+Svi = i+ i3

3 −(n−1)i2+(n2−n− 4
3)i−

n(n−3)
2 = i3

3 −(n−1)i2+(n2−n− 1
3)i−

n(n−3)
2 . Suppose vi, vj ∈ V (

−→
Kn) with

vi ̸= vj , i.e., i ̸= j. Without loss, suppose i < j. Consider wf (vj)−wf (vi) =

0. That is, (j3−i3)
3 − (n − 1)(j2 − i2) + (n2 − n − 1

3)(j − i) = 0. Therefore
(j2+ij+i2)

3 − (n− 1)(j + i) + (n2 − n− 1
3) = 0, since j − i > 0. This implies

that n2 − nx + y = 0, where x = i + j + 1 and y = (i2+ij+j2−1)
3 + (i + j).

Now x2 − 4y = 7
3 − 2(i + j) − (i−j)2

3 = −( (i−j)2−7
3 + 2(i + j)) < 0, since
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1 ≤ i < j ≤ n. Thus n2 − nx+ y > 0, and hence (j − i)(n2 − nx+ y) > 0.

Therefore wf (vj)− wf (vi) > 0, i.e., wf (vi) < wf (vj). □

Theorem 3.2. Let n ≥ 3. Let −→ek ,−→ek′ ∈ E(
−→
Kn) with −→ek ̸= −→ek′ , i.e., k ̸= k′.

If k = (i−1)n−
(
i
2

)
+j−i, k′ = (i′−1)n−

(
i′

2

)
+j′−i′ with n ̸= 2(j−j′)

(i′−i) + i′+i−1
2

whenever 1 ≤ i < i′ < j′ < j ≤ n, then
−→
Kn is super edge-antimagic total

digraph.

Proof. Let V (
−→
Kn) = {v1, v2, . . . , vn} and let E(

−→
Kn) = {−→ek =

−−−−→
(vi, vj)|k =

(i−1)n−
(
i
2

)
+j−i, 1 ≤ i < j ≤ n}. Let f : V (

−→
Kn)∪E(

−→
Kn) → {1, 2, . . . , n+

l} be de�ned as f(vi) = i,∀vi ∈ V (
−→
Kn) and f(−→ek) = n + k, ∀−→ek ∈ E(

−→
Kn).

Then by Theorem 2.1, f is bijective. Hence f is not only total labeling but

super also. Therefore w(f(−→ek)) = f(vi) + f(vj) + f(−→ek) = i+ j + (n+ k) =

i+ j+n+((i− 1)n−
(
i
2

)
+ j− i) = ni+2j−

(
i
2

)
. Suppose −→ek ,−→ek′ ∈ E(

−→
Kn)

with −→ek ̸= −→ek′ , i.e., k ̸= k′. Without loss, suppose k < k′. Using Theorem

2.1, suppose k = F (i, j) and k′ = F (i′, j′) where (i, j), (i′, j′) ∈ S. Consider

w(f(−→ek′))−w(f(−→ek)) = (ni′+2j′−
(
i′

2

)
)− (ni+2j−

(
i
2

)
) = n(i′− i)+2(j′−

j)− (
(
i′

2

)
−
(
i
2

)
) = 2(j′ − j) + (i′ − i)(n− i′+i−1

2 ). As k < k′, (i, j) < (i′, j′).

Therefore either i < i′, or i = i′ and j < j′. If i < i′ then we have either

j ≤ j′ or j > j′. Now if i < i′ with j ≤ j′, and i = i′ with j < j′ then

w(f(−→ek′))−w(f(−→ek)) > 0, since n− i′+i−1
2 = n−i′

2 + n−i
2 + 1

2 and i < i′ ≤ n.

Also if i < i′ with j > j′ then we have 1 ≤ i < i′ < j′ < j ≤ n with n ≥ 4.

Therefore w(f(−→ek′)) − w(f(−→ek)) = 0 if and only if (i′ − i)(n − i′+i−1
2 ) =

2(j − j′). Thus if n ̸= 2(j−j′)
(i′−i) + i′+i−1

2 , where 1 ≤ i < i′ < j′ < j ≤ n, then

w(f(−→ek′))− w(f(−→ek)) ̸= 0. Hence the proof. □

Using Theorem 3.1 and Theorem 3.2, we have the following results.

Corollary 3.3. Let n ≥ 3. Let −→ek ,−→ek′ ∈ E(
−→
Kn) with

−→ek ̸= −→ek′ , i.e., k ̸= k′.

If k = (i−1)n−
(
i
2

)
+j−i, k′ = (i′−1)n−

(
i′

2

)
+j′−i′ with n ̸= 2(j−j′)

(i′−i) + i′+i−1
2

whenever 1 ≤ i < i′ < j′ < j ≤ n, then
−→
Kn is totally antimagic total

digraph.

Corollary 3.4. Let n ≥ 3. Let ek, ek′ ∈ E(Kn) with ek ̸= ek′ , i.e., k ̸= k′.

If k = (i−1)n−
(
i
2

)
+j−i, k′ = (i′−1)n−

(
i′

2

)
+j′−i′ with n ̸= 2(j−j′)

(i′−i) + i′+i−1
2

whenever 1 ≤ i < i′ < j′ < j ≤ n, then Kn is totally antimagic total graph.



ANTIMAGIC LABELINGS OF A COMPLETE GRAPH 119

4. Antimagic orientation of graphs

Recall that, an antimagic labeling of a directed graph D with n vertices

and l arcs (or directed edges) is a bijection from the set of arcs of D to

the integers {1, 2, . . . , l} such that all n oriented vertex sums are pairwise

distinct, where an oriented vertex sum is the sum of labels of all edges

entering that vertex minus the sum of labels of all edges leaving it. Hefetz

et al. [5] raised two questions: Is every orientation of any simple connected

undirected graph antimagic?, Given any undirected graph G, does there

exist an orientation of G which is antimagic? They call such an orientation

an antimagic orientation of G. In the following, we prove that there exists

an antimagic orientation of Kn.

Theorem 4.1. For n ≥ 3, Kn has an antimagic orientation.

Proof. Let V (
−→
Kn) = {v1, v2, . . . , vn} and let E(

−→
Kn) = {−→ek =

−−−−→
(vi, vj)|k =

(i − 1)n −
(
i
2

)
+ j − i, 1 ≤ i < j ≤ n}. Let f : E(

−→
Kn) → JN be de�ned as

f(−→ek) = k. Then by Theorem 2.1, f is bijective. Now S−
vi =

∑
−→e ∈N−(vi)

f(−→e ),

where N−(vi) = {
−−−−→
(vp, vi) ∈ E(

−→
Kn)|p < i}.

Therefore S−
vi =

i−1∑
p=1

f(
−−−−→
(vp, vi)) =

i−1∑
p=1

(
(p− 1)n−

(
p

2

)
+ i− p

)

= (n+ 1)

(
i

2

)
− n(i− 1)− i(i− 1)(i− 2)

6
.

Similarly, S+
vi =

∑
−→e ∈N+(vi)

f(−→e ), where N+(vi) = {
−−−−→
(vi, vq) ∈ E(

−→
Kn)|i < q}.

Therefore S+
vi =

n∑
q=i+1

f(
−−−−→
(vi, vq)) =

n∑
q=i+1

(
(i− 1)n−

(
i

2

)
+ q − i

)

=

(
n

2

)
+ (n− (i+ 1))

(
n(i− 1)−

(
i

2

))
.

But then the oriented vertex sum of vertex vi is given by So
vi = S−

vi − S+
vi =

−2
3 i

3 + (2n + 1)i2 − (n2 + 2n + 1
3)i +

(
n+1
2

)
. We claim that So

vi ̸= So
vj for

vi ̸= vj , i.e., S
o
vi ̸= So

vj for i ̸= j. Without loss, suppose i < j. Now suppose

So
vj−So

vi = 0. That is, −2
3(j

3−i3)+(2n+1)(j2−i2)−(n2+2n+ 1
3)(j−i) = 0.

Therefore we have 2
3(i

2 + ij + j2) − (2n + 1)(i + j) + (n2 + 2n + 1
3) = 0,

since j − i ̸= 0. That is, n2 − nx + y = 0, where x = 2(i + j − 1) and
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y = 1−3(i+j)+2(i2+ij+j2)
3 . Now x2−4y = 4

3((i+j)2+i(j−1)+j(i−1)+2) > 0.

Hence n = (i + j − 1) ±
√

1
3((i+ j)2 + i(j − 1) + j(i− 1) + 2). Thus n is

dependent on i and j. That is, n is not unique, a contradiction. Therefore

So
vi ̸= So

vj . Hence the proof. □
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Abstract. This article contains a probabilistic proof of ζ(4) =
π4

90
using the density function of a Cauchy variable.

1. Introduction

The Riemann zeta function, named after the German mathematician

Bernhard Riemann, was introduced by him in 1859 as an extension of the

Euler sum formula. The function is de�ned for complex numbers s with its

real part greater than 1 by the in�nite series

ζ(s) =

∞∑
n=1

1

ns
.

For integer values of s, the zeta function has been of special interest. For

s = 2, it has a famous connection to the Basel problem, which was �rst posed

by Pietro Mengoli in 1650 and solved by Leonhard Euler in 1734, almost a

century later. It is important to note that James Bernoulli claimed that he

had computed the value of ζ(2) in 1691, but the �rst published proof for

the formula ζ(2) = π2

6 is due to Euler in 1734. Although Euler's proof was

correct, it lacked rigour and had to await further developments in complex

analysis. He proved that ζ(2n) ∈ π2nQ and L(2n + 1, χ4) ∈ π2n+1Q, for

each natural number n, where L(s, χ4) :=
∞∑
k=0

(−1)k

(2k + 1)s
. More precisely, he

proved the following formula for each natural number n,

ζ(2n) =
(−1)n+1B2n2

2n−1π2n

(2n)!
,
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where Bn denotes the Bernoulli numbers. Murty has provided a simple

proof of the fact that ζ(2) = π2

6 using only �rst-year calculus (See [3]) and

he has also shown ζ(2n) ∈ π2nQ using an elementary recursion.

The values ζ(2n) are signi�cant for their intrinsic mathematical beauty

and their applications across various branches of mathematics and physics.

The values of ζ at positive integers are especially interesting due to their

close connection with the volumes of unit spheres in higher dimensions. In

this regard, the following formula (in Tamagawa measure), due to Siegel, is

well-known:

vol
(
(SLn(Z)\SLn(R)

)
= ζ(2)ζ(3) . . . ζ(n).

We also have the following formula (in Tamagawa measure) due to Siegel:

vol
(
Sp2n(Z)\Sp2n(R)

)
= ζ(2)ζ(4) . . . ζ(2n).

When s = 4, there are several interesting proofs of the fact ζ(4) = π4

90 in

the literature, using di�erent techniques, namely, Fourier analysis, Euler's

proof for the Basel problem, contour integration and many others. One of

the proofs, which is probabilistic in nature, is due to Frits Beukers, Calabi

and Kolk (See [1]). It is to note that Elkies in his paper (See [2]) remarks

that the proof using only the formula for change of variables of multiple

integrals is due to Calabi alone, which transforms n-cube (0, 1)n to the

open n-dimensional convex polytope. Then one evaluates this integral by

introducing four independent random variables U1, U2, U3, and U4, which

are uniform (0, 1) and observing that the volume of this n-dimensional open

polytope is equal to P(U1 + U2, U2 + U3, U3 + U4, U4 + U1 < 1).

1.1. Organisation of the article. This article is organised as follows: In

Section 2.1, we mention some auxiliary lemmas and a proposition which we

will use in the �nal part of the proof. In Section 2.2, we begin with the

cumulative distribution function of the product of 4 independent Cauchy

variables, which we denote by FT , and we express it in terms of a certain

multiple integral in equation (2.4). We then use a simple property of the

cumulative distribution function to obtain the iterated integral in equation

(2.5). The goal of this article is to evaluate this multiple integral. We

evaluate this multiple integral by integrating with respect to y, z, and w in

Lemma 2.1, Lemma 2.4, and Proposition 2.5 respectively. We then integrate

three parts of K(x) (obtained in Proposition 2.5) with respect to x, in
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Lemmas 2.6, 2.7, and 2.8 respectively. Finally, we �nd the value of ζ(4)

from the equation (2.6) by combining the Lemmas 2.6, 2.7, and 2.8.

2. New Results

2.1. Auxiliary Lemmas and Propositions. In this section, we prove the

following lemmas and a proposition which will be needed in Section 2.2 for

the conclusion of the proof.

Lemma 2.1. Let I(z, w, x) :=

∫ ∞

y=0

y

y2 + ( x
zw )

2

1

1 + y2
dy, and p = x

w . Then

I(z, w, x) =
ln |p| − ln |z|

p2 − z2
z2.

Proof. We have

I(z, w, x) =

∫ ∞

y=0

y

y2 + ( x
zw )

2

1

1 + y2
dy

=

∫ ∞

y=0

y

y2 + q2
1

1 + y2
dy

(
q =

x

zw

)
=

1

2(q2 − 1)

∫ ∞

y=0

(
2y

y2 + 1
− 2y

y2 + q2

)
dy

=
1

2(q2 − 1)
lim

N→∞

(∫ N

y=0

d(y2 + 1)

y2 + 1
−
∫ N

y=0

d(y2 + q2)

y2 + q2

)
=

1

2(q2 − 1)
lim

N→∞
(ln |y2 + 1| − ln |y2 + q2|)|Ny=0

=
1

2(q2 − 1)
lim

N→∞

(
ln

|y2 + 1|
|y2 + q2|

)∣∣∣∣∣
N

y=0

=
ln |q|

(q2 − 1)

=
ln | xw | − ln |z|(

x
wz

)2 − 1
=

ln |p| − ln |z|
p2 − z2

z2
(
p =

x

w

)
.

□

Remark 2.2. In all the following calculations, wherever we interchange the

order of integration, we apply Tonelli's theorem for non-negative measurable

function, and, wherever we interchange sum and integral, we apply Fubini's

theorem there, as either of
∑∫

|fn| < ∞, or,
∫ ∑

|fn| < ∞ holds.

Remark 2.3. We will frequently use the following facts in our calculations.

This can be proved by using induction on n and integration by parts. For
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k,N ∈ N ∪ {0}, ∫ 1

t=0
tk(ln t)ndt =

(−1)nn!

(k + 1)n+1
.

Lemma 2.4. Let J(w, x) :=

∫ ∞

z=0
I(z, w, x)

1

z(1 + z2)
dz. Then

J(w, x) =
w2(ln |x| − ln |w|)2

(x2 + w2)
+

∫ ∞

z=0

w2z ln |z|
(z2 + 1)(w2z2 − x2)

dz.

Proof. We use Lemma 2.1 to obtain

J(w, x) =

∫ ∞

z=0
I(z, w, x)

1

z(1 + z2)
dz

=

∫ ∞

z=0

ln |p| − ln |z|
p2 − z2

z

(1 + z2)
dz

=
1

2(p2 + 1)

∫ ∞

z=0
(ln |p| − ln |z|)

(
2z

z2 + 1
− 2z

z2 − p2

)
dz

=
ln |p|

2(p2 + 1)
lim

N→∞

(
ln

|z2 + 1|
|z2 − p2|

)∣∣∣∣∣
N

z=0

− 1

2(p2 + 1)

∫ ∞

z=0
ln |z|

(
2z

z2 + 1
− 2z

z2 − p2

)
dz

=
(ln |p|)2

(p2 + 1)
+

∫ ∞

z=0

z ln |z|
(z2 + 1)(z2 − p2)

dz

=
w2(ln |x| − ln |w|)2

(x2 + w2)
+

∫ ∞

z=0

w2z ln |z|
(z2 + 1)(w2z2 − x2)

dz.

□

Proposition 2.5. Let K(x) :=

∫ ∞

w=0
J(w, x)

1

w(1 + w2)
dw. Then

K(x) =
(ln |x|)3

x2 − 1
+ 2

∫ ∞

w=0

w(ln |w|)2

(x2 + w2)(1 + w2)
dw

− 3

∫ ∞

w=0

w ln |x| ln |w|
(x2 + w2)(1 + w2)

dw.

Proof. We use Lemma 2.4 to obtain

K(x) =

∫ ∞

w=0
J(w, x)

1

w(1 + w2)
dw (2.1)

=

∫ ∞

w=0

w2(ln |x| − ln |w|)2

(x2 + w2)

1

w(1 + w2)
dw
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+

∫ ∞

w=0

∫ ∞

z=0

w2z ln |z|
(z2 + 1)(w2z2 − x2)

dz
1

w(1 + w2)
dw

=

∫ ∞

w=0

w(ln |x| − ln |w|)2

(x2 + w2)(1 + w2)
dw

+

∫ ∞

z=0

z ln |z|
(z2 + 1)

(∫ ∞

w=0

w

(1 + w2)(w2z2 − x2)
dw

)
dz

=

∫ ∞

w=0

w(ln |x| − ln |w|)2

(x2 + w2)(1 + w2)
dw +

∫ ∞

z=0

z ln |z|
(z2 + 1)

A(z, x) dz, where

A(z, x) =

∫ ∞

w=0

w

(1 + w2)(w2z2 − x2)
dw

=
1

z2

∫ ∞

w=0

w

(1 + w2)(w2 − x2

z2
)
dw

=
1

2z2(1 + x2

z2
)

∫ ∞

w=0

(
2w

(w2 − x2

z2
)
− 2w

(1 + w2)

)
dw

=
1

2(x2 + z2)
lim

N→∞
(ln |w2 − x2

z2
| − ln |w2 + 1|)|Nw=0

=
1

2(x2 + z2)
lim

N→∞

(
ln

|w2 − x2

z2
|

|w2 + 1|

)∣∣∣∣∣
N

w=0

=−
ln |xz |
x2 + z2

=
ln |z| − ln |x|

x2 + z2
.

Putting the value of A(z, x) in equation (2.1), we obtain

K(x) =

∫ ∞

w=0

w(ln |x| − ln |w|)2

(x2 + w2)(1 + w2)
dw +

∫ ∞

z=0

z ln |z|(ln |z| − ln |x|)
(x2 + z2)(1 + z2)

dz

=

∫ ∞

w=0

w(ln |x| − ln |w|)2

(x2 + w2)(1 + w2)
dw +

∫ ∞

w=0

w ln |w|(ln |w| − ln |x|)
(x2 + w2)(1 + w2)

dw

=

∫ ∞

w=0

w

(
(ln |x|)2 − 2 ln |x| ln |w|+ 2(ln |w|)2 − ln |x| ln |w|

)
(x2 + w2)(1 + w2)

dw

=

∫ ∞

w=0

w

(
(ln |x|)2 − 3 ln |x| ln |w|+ 2(ln |w|)2

)
(x2 + w2)(1 + w2)

dw

=(ln |x|)2
∫ ∞

w=0

w dw

(x2 + w2)(1 + w2)
− 3

∫ ∞

w=0

w ln |x| ln |w|
(x2 + w2)(1 + w2)

dw

+ 2

∫ ∞

w=0

w(ln |w|)2

(x2 + w2)(1 + w2)
dw
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=
(ln |x|)3

x2 − 1
+ 2

∫ ∞

w=0

w(ln |w|)2

(x2 + w2)(1 + w2)
dw

− 3

∫ ∞

w=0

w ln |x| ln |w|
(x2 + w2)(1 + w2)

dw.

□

We now integrate K(x) with respect to x by combining the integration

of each of the three parts appearing in the expression for K(x) with respect

to x in the next three lemmas. The following three lemmas will be needed

in the �nal part of the proof.

Lemma 2.6. Let M1 :=

∫ ∞

x=0

(ln |x|)3

x2 − 1
dx. Then M1 =

45
4 ζ(4).

Proof. We have

M1 =

∫ ∞

x=0

(ln |x|)3

x2 − 1
dx

=− 2

∫ 1

x=0

(ln |x|)3

1− x2
dx

=−
∫ 1

x=0
(ln |x|)3

( ∞∑
n=0

x2n
)
dx

=− 2
∞∑
n=0

(∫ 1

x=0
x2n(ln |x|)3dx

)

=− 2
∞∑
n=0

3!(−1)3

(2n+ 1)4
= 12

∞∑
n=0

1

(2n+ 1)4
= 12

(
1− 1

16

)
ζ(4) =

45

4
ζ(4).

□

Lemma 2.7. Let M2 :=

∫ ∞

w=0

(ln |w|)2

(1 + w2)
dw. Then M2 =

π3

8 .

Proof. Considering the product of 3 independent standard Cauchy vari-

ables X, Y, and Z and using a similar technique, we obtain

1 =
23

π3

∫ ∞

x=0

(∫ ∞

z=0
I(z, 1, x)

1

z(1 + z2)
dz
)
dx

=
23

π3

∫ ∞

x=0
J(1, x)dx

=
23

π3

∫ ∞

x=0

(ln |x|)2

(1 + x2)
dx+

23

π3

∫ ∞

x=0

∫ ∞

z=0

z ln |z|
(z2 + 1)(z2 − x2)

dzdx
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=
23

π3
M2 +

23

π3

∫ ∞

z=0

ln |z|
(z2 + 1)

(∫ ∞

x=0

z

(z2 − x2)
dx

)
dz

=
23

π3
M2 +

23

π3

∫ ∞

z=0

ln |z|
(z2 + 1)

(
lim

N→∞

(
1

2
ln

|z + x|
|z − x|

)∣∣∣∣∣
N

x=0

)
dz =

23

π3
M2.

□

Lemma 2.8. Let M3 :=

∫ ∞

x=0

∫ ∞

w=0

w ln |x| ln |w|
(x2 + w2)(1 + w2)

dw dx.

Then M3 =
π4

16 .

Proof. We have

M3 =

∫ ∞

x=0

∫ ∞

w=0

w ln |x| ln |w|
(x2 + w2)(1 + w2)

dw dx

=

∫ ∞

w=0

w ln |w|
(1 + w2)

(∫ ∞

x=0

ln |x|
(x2 + w2)

dx

)
dw

=

∫ ∞

w=0

w ln |w|
(1 + w2)

(∫ ∞

r=0

ln |rw|
(r2w2 + w2)

w dr

)
dw

=

∫ ∞

w=0

ln |w|
(1 + w2)

(∫ ∞

r=0

ln |rw|
(r2 + 1)

dr

)
dw

=

∫ ∞

w=0

∫ ∞

r=0

ln |w|
(1 + w2)

ln |r|
(r2 + 1)

dr dw

+

∫ ∞

w=0

∫ ∞

r=0

ln |w|
(1 + w2)

ln |w|
(r2 + 1)

dr dw

=

(∫ ∞

w=0

ln |w|
(1 + w2)

dw

)2

+
π

2

∫ ∞

w=0

(ln |w|)2

(1 + w2)
dw

=

(∫ 1

w=0

ln |w|
(1 + w2)

dw +

∫ ∞

w=1

ln |w|
(1 + w2)

dw

)2

+
π

2
M2

=

(∫ 1

w=0

ln |w|
(1 + w2)

dw +

∫ 0

s=1

− ln |s|
(1 + 1

s2
)

(
− 1

s2

)
ds

)2

+
π

2

π3

8

=

(∫ 1

w=0

ln |w|
(1 + w2)

dw −
∫ 1

s=0

ln |s|
(1 + s2)

ds

)2

+
π

2

π3

8
=

π4

16
,

where we use the fact
∫ 1
s=0

ln |s|
(1+s2)

ds = −
∫∞
w=1

ln |w|
(1+w2)

dw < ∞, because lnx =

O(
√
x) and hence

∞∑
n=1

ln |n|
1 + n2

< ∞, using comparison test. □
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2.2. Final Proof. We start with the following proposition, where we write

down the expression for the probability density function for a product of

independent continuous random variables.

Proposition 2.9. Let n ≥ 2, and t ∈ R. Let X1, X2, . . . , Xn be n in-

dependent, continuous random variables with probability density functions

fX1 , fX2 , . . . fXn respectively. Then the probability density function for the

product random variable X1X2 . . . Xn is given by

fX1X2...Xn(t)

=

∫ ∞

−∞
. . .

∫ ∞

−∞
fX1(x1) . . . fXn−1(xn−1)fXn

(
t

x1x2 . . . xn−1

)
dx1 . . . dxn−1

|x1 . . . xn−1|
.

Proof. We know that for two independent, continuous random variables X

and Y with probability density functions fX and fY , the probability density

function for the product random variable XY is given by

fXY (t) =

∫ ∞

−∞
fX(x)fY

(
t

x

)
1

|x|
dx. (2.2)

This proves the proposition for n = 2.

We now assume that the proposition is true for n = k − 1. Since the

product of two independent random variables is independent, we have X =

X1X2 . . . Xn−1 and Y = Xn are two independent, continuous random vari-

ables. Therefore, using equation (2.2), we obtain

fX1X2...Xn(t) (2.3)

=fXY (t)

=

∫ ∞

−∞
fX1X2...Xn−1(x)fXn

(
t

x

)
1

|x|
dx

=

∫ ∞

−∞

(∫ ∞

−∞
. . .

∫ ∞

−∞
fX1(x1) . . . fXn−2(xn−2)

× fXn−1

(
x

x1x2 . . . xn−2

)
dx1 . . . dxn−2

|x1x2 . . . xn−2|

)
fXn

(
t

x

)
1

|x|
dx

=

∫ ∞

−∞
. . .

∫ ∞

−∞

∫ ∞

−∞
fX1(x1) . . . fXn−2(xn−2)

× fXn−1

(
x

x1x2 . . . xn−2

)
fXn

(
t

x

)
dx1 . . . dxn−2dx

|x1x2 . . . xn−2x|
.
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We now make the following change of variables:

y1 = x1, y2 = x2, . . . , yn−2 = xn−2, and yn−1 =
x

x1x2 . . . xn−2
.

Therefore, we have x = y1y2 . . . yn−2yn−1, and we denote y1y2 . . . yn−2yn−1

by y. Therefore, the Jacobian J(y1, y2, . . . , yn−1) is given by

J(y1, y2, . . . , yn−1)

=
∂(x1, . . . , xn−2, x)

∂(y1, . . . , yn−2, yn−1)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

∂x1
∂y1

∂x1
∂y2

∂x1
∂y3

. . . ∂x1
∂yn−1

∂x2
∂y1

∂x2
∂y2

∂x2
∂y3

. . . ∂x2
∂yn−1

...
...

...
. . .

...
∂xn−2

∂y1

∂xn−2

∂y2

∂xn−2

∂y3
. . . ∂xn−2

∂yn−1
∂x
∂y1

∂x
∂y2

∂x
∂y3

. . . ∂x
∂yn−1

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 . . . 0 0

0 1 0 . . . 0 0

0 0 1 . . . 0 0
...

...
...

. . .
...

0 0 0 . . . 1 0
y
y1

y
y2

y
y3

. . . y
yn−2

y
yn−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

y

yn−1
.

Therefore, using equation (2.3) together with the change of variables for-

mula for integration, we get

fX1X2...Xn(t)

=

∫ ∞

−∞

∫ ∞

−∞
. . .

∫ ∞

−∞
fX1(x1) . . . fXn−2(xn−2)

× fXn−1

(
x

x1x2 . . . xn−2

)
fXn

(
t

x

)
dx1 . . . dxn−2 dx

|x1x2 . . . xn−2x|

=

∫ ∞

−∞

∫ ∞

−∞
. . .

∫ ∞

−∞
fX1(y1) . . . fXn−1 (yn−1)

× fXn

(
t

y1y2 . . . yn−1

)
|J(y1, . . . , yn−1)|

|y|
dy1 . . . dyn−2 dyn−1

|y1y2 . . . yn−2|

=

∫ ∞

−∞

∫ ∞

−∞
. . .

∫ ∞

−∞
fX1(y1) . . . fXn−1 (yn−1)

× fXn

(
t

y1y2 . . . yn−1

)
1

|y1 . . . yn−2yn−1|
dy1 . . . dyn−2 dyn−1.

This proves the proposition for all n ≥ 2, by the principle of mathematical

induction. □
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Let X, Y, Z, and W be independent standard Cauchy variables. We

consider the new random variable T = XY ZW, i.e., T is the product of 4

independent standard Cauchy variables. The cumulative distribution func-

tion of T is given by FT (t) = P (T ≤ t).

Let fX , fY , fZ , fW and fXY ZW denote the probability density func-

tions of the random variables X, Y, Z, W, and XY ZW respectively. Then,

fX(x) = fY (x) = fZ(x) = fW (x) =
1

π(1 + x2)
.

Therefore, using Proposition 2.9, we obtain

FT (t) =

∫ t

x=−∞
fXY ZW (x) dx (2.4)

=

∫ t

x=−∞

∫ ∞

y=−∞

∫ ∞

z=−∞

∫ ∞

w=−∞
fX

( x

yzw

)
fY (y)

× fZ(z)fW (w)
1

|yzw|
dw dz dy dx

=
1

π4

∫ t

x=−∞

∫ ∞

y=−∞

∫ ∞

z=−∞

∫ ∞

w=−∞

(yzw)2

(yzw)2 + x2
1

1 + y2

× 1

1 + z2
1

1 + w2

1

|yzw|
dw dz dy dx

=
1

π4

∫ t

x=−∞

∫ ∞

y=−∞

∫ ∞

z=−∞

∫ ∞

w=−∞

|yzw|
(yzw)2 + x2

1

1 + y2

× 1

1 + z2
1

1 + w2
dw dz dy dx.

Since FT is a cumulative distribution function, we have lim
t→∞

FT (t) = 1,

which implies

1 = lim
t→∞

FT (t) (2.5)

=
1

π4

∫ ∞

x=−∞

∫ ∞

y=−∞

∫ ∞

z=−∞

∫ ∞

w=−∞

|yzw|
(yzw)2 + x2

1

1 + y2
1

1 + z2

× 1

1 + w2
dw dz dy dx

=
24

π4

∫ ∞

x=0

∫ ∞

y=0

∫ ∞

z=0

∫ ∞

w=0

yzw

(yzw)2 + x2
1

1 + y2
1

1 + z2

× 1

1 + w2
dw dz dy dx
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=
24

π4

∫ ∞

x=0

∫ ∞

z=0

∫ ∞

w=0

(∫ ∞

y=0

y

y2 + ( x
zw )

2

1

1 + y2
dy
) 1

z(1 + z2)

× 1

w(1 + w2)
dw dz dx

=
24

π4

∫ ∞

x=0

∫ ∞

w=0

(∫ ∞

z=0
I(z, w, x)

1

z(1 + z2)
dz
) 1

w(1 + w2)
dw dx

=
24

π4

∫ ∞

x=0

(∫ ∞

w=0
J(w, x)

1

w(1 + w2)
dw
)
dx

=
24

π4

∫ ∞

x=0
K(x) dx

=
24

π4

∫ ∞

x=0

(
(ln |x|)3

x2 − 1
+ 2

∫ ∞

w=0

w(ln |w|)2

(x2 + w2)(1 + w2)
dw

− 3

∫ ∞

w=0

w ln |x| ln |w|
(x2 + w2)(1 + w2)

dw

)
dx,

where I(z, w, x), J(w, x), and K(x) are de�ned in Lemma 2.1, Lemma 2.4,

and Proposition 2.5 respectively.

Now, equation (2.5) implies,

π4

16
=

∫ ∞

x=0

(ln |x|)3

x2 − 1
dx+ 2

∫ ∞

w=0

(ln |w|)2

(1 + w2)

(∫ ∞

x=0

w

(x2 + w2)
dx

)
dw (2.6)

− 3

∫ ∞

x=0

∫ ∞

w=0

w ln |x| ln |w|
(x2 + w2)(1 + w2)

dw dx

=

∫ ∞

x=0

(ln |x|)3

x2 − 1
dx+ π

∫ ∞

w=0

(ln |w|)2

(1 + w2)
dw

− 3

∫ ∞

x=0

∫ ∞

w=0

w ln |x| ln |w|
(x2 + w2)(1 + w2)

dw dx

=M1 + πM2 − 3M3

=
45

4
ζ(4) +

π4

8
− 3π4

16
,

where M1, M2, and M3 are de�ned and evaluated in Lemmas 2.6, 2.7, and

2.8 respectively. Hence, we obtain

ζ(4) =
4

45

(
π4

16
+

3π4

16
− π4

8

)
=

4

45

(
π4

4
− π4

8

)
=

4

45

π4

8
=

π4

90
.
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Abstract. In this survey note we compute the primitives of (sinx)n,

(cosx)n, (tanx)n and (cotx)n and revisit the proofs yielding the ex-

plicit values of the Wallis integrals
∫ π/2

0
(sinx)ndx and

∫ π/4

0
(tanx)ndx.

Some new formulas are given, too.

Introduction

The only purpose of this note is to present in a single spot and in

various ways the computations of the primitives of the functions (sinx)n,

(cosx)n, (tanx)n and (cotx)n and to revisit known proofs for the evalua-

tion of the Wallis integrals
∫ π/2
0 (sinx)ndx,

∫ π/2
0 (cosx)ndx and the integrals∫ π/4

0 (tanx)ndx. As a byproduct we obtain some new formulas for certain

combinatoric sums. Our hope is to have established with this a convenient

way for future referencing those items with proofs in scienti�c papers or in

the presentation of solutions to exercises appearing in the problem sections

of journals as the College Math. J., the Math. Magazine, the Amer. Math.

Monthly, the Elemente der Math., the Math Gazette, Crux Mathematico-

rum etc. It is always a pleasure to rediscover oneself complicated formulas

and to help with this exposition interested students to overcome possible

di�culties in �nding a/the correct proof. The items themselves (and much,

much more) are listed e.g. in [3, p. 152-153, 161]. See also [6, p. 126].
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1. The Wallis integrals

In the sequel we use the Bourbaki notation, i.e. N = {0, 1, 2, . . . } and

N∗ := N \ {0}. Moreover, we �x the following terminology: if n ∈ N, then

n

!

:= 1 · 3 · 5 · 7 · · ·n if n is odd

n

!

:= 2 · 4 · 6 · 8 · · ·n if n is even, n ̸= 0,

0

!

:= 1 and (−1)

!

:= 1.

Usually, our n

!

is denoted very ambiguously by n!! and called a double

factorial (se [4]), or, which we prefer, a semifactorial.

Proposition 1.1 (Wallis integrals). For n ∈ N let

In :=

∫ π/2

0
(sinx)ndx.

Then I0 = π/2, I1 = 1 and for n ∈ N∗,

(1) I2n = 1
2 · 3

4 · 5
6 · · ·

2n−1
2n

π
2 = (2n−1)

!

(2n)

! π
2 = (2n)!

4n(n!)2
· π
2 =

(2nn )
4n · π

2 .

(2) I2n+1 =
2
3 · 4

5 · 6
7 · · ·

2n
2n+1 = (2n)

!

(2n+1)

!= 4n(n!)2

(2n+1)! =
4n

(2n+1)(2nn )
.

(3) In =

√
π

2

Γ(n+1
2 )

Γ(n+2
2 )

.

More generally, if α ∈ C with Re α > −1, then

(4) I(α) :=

∫ π/2

0
sinα(x)dx =

∫ π/2

0
cosα(x)dx =

√
π

2

Γ(α+1
2 )

Γ(α+2
2 )

.

Proof. We �rst show that for n ≥ 2

In =
n− 1

n
In−2.

In fact,

nIn − (n− 1)In−2 =

∫ π/2

0

(
n(sinx)n − (n− 1)(sinx)n−2

)
dx

=

∫ π/2

0
(sinx)n−2

(
n sin2 x− (n− 1)

)
dx

= −
∫ π/2

0
(sinx)n−2(n cos2 x− 1) dx

= −
[
(sinx)n−1 cosx

]π/2
0

= 0.

Now (1) and (2) follow by �nite induction.
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(3) This follows from (1) and (2) by noticing that Γ(n + 1) = n!,

Γ(1/2) =
√
π and Γ(z + 1) = zΓ(z) for z ∈ C \ {0,−1,−2, . . . }.

(4) Using for x > 0 and a ∈ C the de�nition p(x) := xa = ea log x and

p(0) = 0, gives the symbol (sinx)a for 0 ≤ x ≤ π/2 a sense. Making the

substitutions t = sinx and then s = t2, yields

I(α) =

∫ 1

0
tα

dt√
1− t2

=

∫ 1

0

sα/2√
1− s

ds

2
√
s

=
1

2

∫ 1

0
s

α−1
2 (1− s)−

1
2ds

=
1

2
β

(
α+ 1

2
,
1

2

)
,

where β(z1, z2) is the Eulerian β-function, Re zj > 0. Assertion (4) now

follows from the well known result due to Euler that

β(z1, z2) =
Γ(z1)Γ(z2)

Γ(z1 + z2)
,

which can easily be deduced from the de�nition of the Gamma function

Γ(z) =

∫ ∞

0
e−ssz−1ds,

and Fubini's theorem. □

Finally let us mention that the equality
∫ π/2
0 (sinx)ndx =

∫ π/2
0 (cosx)ndx

is trivial as cosx = sin(π/2− x).

2. Primitives of (sinx)n and (cosx)n

We present two methods to determine the primitives of the powers of

sin and cos. We will work here with primitives vanishing at the origin, given

by Fn(x) =
∫ x
0 f

n(t) dt. The �rst method derives a relation between Fn+2

and Fn, and the second method is the standard one of linearization.

Proposition 2.1. For n ∈ N, let Sn(x) =
∫ x
0 (sin t)

ndt and

Cn(x) =
∫ x
0 (cos t)

ndt. Then, for n ≥ 2,

(1) Sn(x) =
n− 1

n
Sn−2(x)−

(sinx)n−1 cosx

n
.

(2) Cn(x) =
n− 1

n
Cn−2(x) +

(cosx)n−1 sinx

n
.



136 R. MORTINI, R. RUPP

Proof. (1) Using partial integration with u′ = (sinx)n−2 cosx and v = cosx,

Sn(y) =

∫ y

0
(sinx)n−2(1− cos2 x)dx

= Sn−2(y)−
∫ y

0
[(sinx)n−2 cosx] cosx dx

= Sn−2(y)−
(
(sin y)n−1

n− 1
cos y +

1

n− 1
Sn(y)

)
.

Hence
n

n− 1
Sn(x) = Sn−2(x)−

(sinx)n−1

n− 1
cosx.

(2) Using partial integration with u′ = (cosx)n−2 sinx and v = sinx,

Cn(y) =

∫ y

0
(cosx)n−2(1− sin2 x)dx

= Cn−2(y)−
∫ y

0
[(cosx)n−2 sinx] sinx dx

= Cn−2(y)−
(
−(cos y)n−1

n− 1
sin y +

1

n− 1
Cn(y)

)
.

Hence
n

n− 1
Cn(x) = Cn−2(x) +

(cosx)n−1

n− 1
sinx. □

Here are representations of the primitives of (sinx)n and (cosx)n in

terms of lower powers. Note that the empty sum is de�ned to be 0 in case

n = 0.

Theorem 2.2. Let n ∈ N, σn :=
⌈
n
2

⌉
− 1. There exist suitable constants

C(n), namely C(n) = 0 if n is even and C(n) = (n−1)

!

n

! if n is odd, and

positive rational numbers c
(n)
j recursively given by

c
(n)
0 =

1

n
for n ≥ 1

c
(n+2)
j+1 =

n+ 1

n+ 2
c
(n)
j for n ∈ N, j = 0, . . . ,max{0, σn}

c
(0)
σ0+1 = 1 and c

(1)
σ1+1 = 0,

such that

(1) Sn(x) =

∫ x

0
(sin t)ndt = c

(n)
σn+1x−

σn∑
j=0

c
(n)
j (sinx)n−1−2j cosx+ Cn.

(2) Cn(x) =

∫ x

0
(cos t)ndt = c

(n)
σn+1x+

σn∑
j=0

c
(n)
j (cosx)n−1−2j sinx.
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Before we present a proof, here are some remarks.

Remark 2.3. • Note that σn = n/2− 1 = m− 1 if n = 2m, m ∈ N, and
σn = (n− 1)/2 = m if n = 2m+1, m ∈ N. E.g. (σ0, σ1, σ2, σ3, σ4, σ5, σ6) =
(−1, 0, 0, 1, 1, 2, 2).

Figure 1. The inductive procedure

• Figure 1 displays a method mimicking the movement of a knight in

chess to construct these coe�cients. Note that c
(n)
σn+1 = 0 whenever n is

odd, because the integral in (1) represents an even function. Here is now

the display of the �rst few coe�cients. Note that for n odd we have σn + 1

summands, and σn + 2 summands if n is even (since in that case a linear

factor additionally appears):

n = 0 n = 1 n = 2 n = 3 n = 4 n = 5

σ0=−1 σ1=0 σ2=0 σ3=1 σ4=1 σ5=2

c
(0)
0 c

(1)
0 c

(2)
0 c

(2)
1 c

(3)
0 c

(3)
1 c

(4)
0 c

(4)
1 c

(4)
2 c

(5)
0 c

(5)
1 c

(5)
2

1 1 1
2

1
2

1
3

2
3

1
4

3
8

3
8

1
5

4
15

8
15

Proof. We proceed via induction using Proposition 2.1. Observe that for n even,

Sn is an odd function, and for n odd, Sn is an even function. So we expect our

summands (sinx)j cosx to change parity, too.

(1) If n = 1, then S1(x) =
∫ x

0
sin t dt = − cosx + 1, and if n = 0, then

S0(x) =
∫ x

0
(sin t)0 dt = x. Both items are compatible with the formula. Now

suppose that the formula holds for n. We show that it holds for n + 2. Observe

that σn+2 = σn + 1.

Sn+2(x) =
n+ 1

n+ 2
Sn(x)−

1

n+ 2
(sinx)n+1 cosx
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=
n+ 1

n+ 2

c(n)σn+1x−
σn∑
j=0

c
(n)
j (sinx)n−1−2j cosx+ C(n)


− 1

n+ 2
(sinx)n+1 cosx

=
k=j+1

n+ 1

n+ 2

(
C(n) + c

(n)
σn+1x

)
−

σn+1∑
k=1

(
n+ 1

n+ 2
c
(n)
k−1

)
(sinx)n+1−2k cosx

− 1

n+ 2
(sinx)n+1 cosx

= c
(n+2)
σn+2+1x−

σn+2∑
k=1

c
(n+2)
k (sinx)n+1−2k cosx− 1

n+ 2
(sinx)n+1 cosx

+C(n+ 2).

For the value of C(n), see Remark 2.5.

(2) To calculate a primitive of (cosx)n we use the identity cosx = sin(π2 − x),

and so ∫
(cosx)ndx = −

∫
(sinu)ndu

where u = π
2 − x. Now pull in. □

The coe�cients in Theorem 2.2 can be given explicitly:

Proposition 2.4.

(1) c
(n)
σn+1 =


1

2n

(
n
n
2

)
=

1

2
· 3
4
· 5
6
· · · n− 1

n
=

(n− 1)

!

n

! if n is even, n > 0

1 if n = 0

0 if n is odd.

(2) c
(n)
j =

1

n

(n− 1)

(n− 2)

(n− 3)

(n− 4)
. . .

n− 2j + 1

n− 2j
for j = 1, . . . , σn, n ≥ 3,

c
(0)
0 = 1, c

(1)
0 = 1, c

(2)
0 = c

(2)
1 =

1

2
.

Proof. (1) This follows from c
(n+2)
σn+1 = n+1

n+2 c
(n)
σn and the initial data 1 = c

(0)
0 = c

(0)
σ0+1

as well as 0 = c
(1)
1 = c

(1)
σ1+1.

(2) If j = 1, then c
(n)
1 = n−1

n c
(n−2)
0 = n−1

n
1

n−2 = 1
n

n−1
n−2 for n > 2. Moreover,

by that formula, c
(n)
2 = n−1

n c
(n−2)
1 = n−1

n
1

n−2
n−3
n−4 = 1

n
n−1
n−2

n−3
n−4 . By induction, we

obtain assertion (2). □
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Remark 2.5. It follows from Theorem 2.2 and Proposition 2.4 that the coe�cient

c
(n)
σn associated with the lowest sine-power

n− 1− 2σn =

0 for n = 2m+ 1

1 for n = 2m

equals

c(n)σn
=

(n− 1)

!

n

! ,

and that C(n) = (n−1)

!

n

! , too, if n is odd, respectivley C(n) = 0 if n is even. More-

over, c
(n)
σn coincides with

∫ π/2

0
(sinx)ndx if n is odd and with 2

π

∫ π/2

0
(sinx)ndx if

n is even (compare with Proposition 1.1). Also, for n even, c
(n)
σn+1 = c

(n)
σn . We

recapitulate: σ2m+1 = m and σ2m = m− 1,

• n = 2m+ 1 :

Sn(x) =
(n− 1)

!

n

! − cosx

 m∑
j=0

c
(n)
σn−j(sinx)

2j

 =

(n− 1)

!

n

! − cosx
( (n− 1)

!

n

! + c
(n)
σn−1(sinx)

2 + c
(n)
σn−2(sinx)

4 + · · ·+

+c
(n)
1 (sinx)2m−2 +

1

2m+ 1
(sinx)2m

)
• n = 2m :

Sn(x) = c
(n)
σn+1x− cosx

(m−1∑
j=0

c
(n)
σn−j(sinx)

2j+1
)
=

(n− 1)

!

n

! x− cosx
( (n− 1)

!

n

! sinx+ c
(n)
σn−1(sinx)

3 + · · ·

+c
(n)
1 (sinx)2m−3 +

1

2m
(sinx)2m−1

)
.

• n = 2m+ 1 :

Cn(x) = sinx

 m∑
j=0

c
(n)
σn−j(cosx)

2j

 =

sinx
( (n− 1)

!

n

! + c
(n)
σn−1(cosx)

2 + c
(n)
σn−2(cosx)

4 + · · ·

+c
(n)
1 (cosx)2m−2 +

1

2m+ 1
(cosx)2m

)
• n = 2m :

Cn(x) = c
(n)
σn+1x+ sinx

m−1∑
j=0

c
(n)
σn−j(cosx)

2j+1

 =
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(n− 1)

!

n

! x+ sinx
( (n− 1)

!

n

! cosx+ c
(n)
σn−1(cosx)

3 + · · ·

+c
(n)
1 (cosx)2m−3 +

1

2m
(cosx)2m−1

)
.

We have the following nice formula, which we guessed from the listing in

tabular form above:

Observation 2.6. Let n ∈ N. Then
σn+1∑
j=0

c
(n)
j = 1.

Proof. By Theorem 2.2∫ x

0

(cos t)n dt = c
(n)
σn+1x+

σn∑
j=0

c
(n)
j (cosx)n−1−2j sinx.

Dividing for x ∈ ]0, π/2] by sinx, and applying de l'Hospital's rule with x → 0,

yields

1 = lim
x→0

∫ x

0
(cos t)ndt

sinx
= c

(n)
σn+1 +

σn∑
j=0

c
(n)
j . □

Yet another well-known representation of Sn for n odd, and in terms of powers

of the cosine function, can readily be given (note that for n = 2m + 1 we have

σn = m). See e.g. [2, p. 357].

Proposition 2.7. For m ∈ N we have∫ x

0

(sinu)2m+1du =
m∑
j=0

(−1)j+1

(
m

j

)
(cosx)2j+1

2j + 1
+ κm

for the constant

κm =

m∑
j=0

(
m

j

)
(−1)j

2j + 1
=

√
πm!

2Γ(m+ 3/2)
=

(2m)

!

(2m+ 1)

!.

Proof. This is straightforward. We �rst determine some primitive. First write

S(x) := (sinx)2m+1 = (1− cos2 x)m sinx.

Now let F (t) be a primitive of −(1− t2)m. Then P (x) := F (cosx) is a primitive

of S(x), since

P ′(x) = F ′(cosx)(− sinx) = S(x).
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Next note that

F (t) = −
∫ (

(−t2) + 1
)m
dt = −

∫ m∑
j=0

(
m

j

)
(−1)jt2jdt

=

m∑
j=0

(
m

j

)
(−1)j+1 t

2j+1

2j + 1
.

Hence, with t = cosx,

S2m+1(x) =

∫ x

0

(sinu)2m+1du =

m∑
j=0

(−1)j+1

(
m

j

)
(cosx)2j+1

2j + 1
+ κm,

where κm is chosen so that the sums vanish at t = 1 resp. x = 0. That is

κm =

m∑
j=0

(
m

j

)
(−1)j

2j + 1
.

The explicit value will be determined in Corollary 2.8 below. □

Combining Propositions 2.4 and 2.7, we get the following nice formula, which

to the best of our knowledge is new:

Corollary 2.8. Let c
(n)
j and C(n) be the coe�cients in Theorem 2.2. Then, for

n odd, i.e. n = 2m+ 1, and k = 0, 1, . . . ,m

c
(2m+1)
m−k

0≤k≤m

=

m∑
j=k

(−1)j+k

(
m
j

) (
j
k

)
2j + 1

0≤k<m

=
1

2m+ 1
· 2m

2m− 1

2m− 2

2m− 3
· · · 2 + 2k

1 + 2k
.

Moreover,

κm =

m∑
j=0

(
m

j

)
(−1)j

2j + 1
=

(2m)

!

(2m+ 1)

!.

Proof. That

c
(2m+1)
m−k =

1

2m+ 1

2m

2m− 1

2m− 2

2m− 3
· · · 2 + 2k

1 + 2k

for 0 ≤ k < m and c
(2m+1)
0 = 1

2m+1 for k = m follows from Proposition 2.4 (2)

applied to n = 2m + 1 and j replaced by m − k. As we have no direct proof

for the second identity, we derive it via a new calculation of S2m+1(x). Since

cos2 x = 1− sin2 x, we obtain from Proposition 2.7 that
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S2m+1(x) =

m∑
j=0

(−1)j+1

(
m

j

)
(cosx)2j+1

2j + 1
+ κm

=

 m∑
j=0

(−1)j+1

(
m

j

)
((− sin2 x) + 1)j

2j + 1

 cosx+ κm

=

 m∑
j=0

(−1)j+1

2j + 1

(
m

j

) j∑
k=0

(−1)k
(
j

k

)
(sinx)2k

 cosx+ κm

=

m∑
k=0

 m∑
j=k

(−1)j+1+k

2j + 1

(
m

j

)(
j

k

)
︸ ︷︷ ︸

:=C2m+1
k

(sinx)2k cosx+ κm.

Since Theorem 2.2 and Remark 2.5 (which tells us that c
(n)
σn = (2m)

!

(2m+1)

!) imply

that

S2m+1(x) = −
m∑

k=0

c
(2m+1)
m−k (sinx)2k cosx+

(2m)

!

(2m+ 1)

!,

and since the system {1, sin2k cosx : k = 0, 1, . . . ,m} is linearly independent 1 in

the vector space of all continuous real-valued functions on R, we conclude that the
coe�cients are equal; that is

C2m+1
k = −c(2m+1)

m−k and κm =
(2m)

!
(2m+ 1)

!. □

Remark 2.9. We also have that

C2m+1
k =

m∑
j=k

(−1)j+1+k

2j + 1

(
m

j

)(
j

k

)
= −2m−km!

k!

(2k − 1)

!

(2m+ 1)

!.

Avis aux amateurs!

As a byproduct, we obtain an explicit representation of the primitives of the

rational function R(t) = (1 + t2)−n (see [3, p.77])

Corollary 2.10. For n ∈ N∗, we have∫
1

(1 + t2)
n dt = c

(2n−2)
σ2n−2+1 arctan t+

σ2n−2∑
j=0

c
(2n−2)
j

t

(1 + t2)n−j−1
+ C.

Proof. Since (tanx)′ = 1 + tan2 x = 1
cos2 x ,

I :=

∫
1

(1 + t2)
n dt

t=tan x
=

x=arctan t

∫
1 + tan2 x

(1 + tan2 x)
n dx =

∫
(cosx)2n−2dx,

1Let λ +
∑m

k=0 λk(sinx)
2k cosx = 0. Then with x = π/2 we see that λ = 0 and so,

for 0 ≤ x < π/2,
∑m

k=0 λk(sinx)
2k = 0. Now put t := sin2 x. Then, for 0 ≤ t < 1,∑m

k=0 λkt
k = 0, implying that all the λk = 0 (restriction of a polynomial to [0, 1[).



THE INTEGRALS FOR POWERS OF TRIGONOMETRIC FUNCTIONS 143

we deduce that I = C2n−2(arctan t) + C. Now

cos2(arctan t) = (tan2(arctan t) + 1)−1 = (t2 + 1)−1.

Hence, by Theorem 2.2,

I = c
(2n−2)
σ2n−2+1 arctan t+

σ2n−2∑
j=0

c
(2n−2)
j (cos(arctan t))2n−3−2j sin(arctan t) + C

= c
(2n−2)
σ2n−2+1 arctan t+

σ2n−2∑
j=0

c
(2n−2)
j (cos2(arctan t))n−1−j sin(arctan t)

cos(arctan t)
+ C

= c
(2n−2)
σ2n−2+1 arctan t+

σ2n−2∑
j=0

c
(2n−2)
j

t

(1 + t2)n−j−1
+ C.

□

Corollary 2.11. Let n ∈ N∗. Then∫ ∞

0

1

(1 + t2)
n dt =

π

2

(2n− 3)

!

(2n− 2)

!.

Proof. This follows from the previous Corollary 2.10 and Remark 2.5. □

Next we derive representations of all the primitives of (sinx)n and (cosx)n in

terms of sin(kx) and cos(kx). The way to achieve this, is commonly known as the

"linearization method". At �rst glance, we �nd the outcome a bit surprising as

the formulas are not `symmetric' (two times the sine function appears, but only

once the cosine function). The reason is that the primitives vanishing at the origin

of the even functions (sinx)2n and (cosx)n are odd, whereas only for (sinx)2n+1

are primitives even.

Proposition 2.12.

(1) The primitives of (cosx)n can be represented as Q-linear combinations of

sine terms of the form sin(n− 2j)x.

(2) The primitives of (sinx)n can be represented as Q-linear combinations of

x and sine terms of the form sin(n − 2j)x if n is even, and as Q-linear

combinations of cosine terms of the form cos(n− 2j)x if n is odd.

Proof. (2) Using sinx = eix−e−ix

2i , we obtain∫
(sinx)ndx =

1

(2i)n

n∑
j=0

(−1)n−j

(
n

j

)∫
ei(2j−n)xdx.

If n is even, in = (−1)n/2 and so, by taking real parts,
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Sn(x) =
1

(2i)n

 n∑
j=0

j ̸=n/2

(−1)n−j
(
n
j

)
i(2j − n)

ei(2j−n)x + (−1)n/2
(
n

n/2

)
x

+ C

=
(−1)n/2

2n

 n∑
j=0

j ̸=n/2

(−1)n−j
(
n
j

)
2j − n

sin(2j − n)x+ (−1)n/2
(
n

n/2

)
x

+ C

=

�
�

�
�

(−1)(n/2)

2n−1

(n/2)−1∑
j=0

(−1)j
(
n
j

)
n− 2j

sin(n− 2j)x+
1

2n

(
n

n/2

)
x+ C,

where for the last identity we have used for n/2 < j ≤ n the index transformation

k = n − j, and the symmetry
(
n
k

)
=

(
n

n−k

)
. As the �rst half of the series then

reappears, the factor 1/2n is then doubled.

If n is odd, in = i(−1)(n−1)/2, hence, by taking real parts again,

Sn(x) =
1

(2i)n

 n∑
j=0

(−1)n−j
(
n
j

)
i(2j − n)

ei(2j−n)x

+ C

=
(−1)(n−1)/2

2n

−
n∑

j=0

(−1)n−j
(
n
j

)
2j − n

cos(2j − n)x

+ C

=
(−1)(n−1)/2

2n−1

−
(n−1)/2∑

j=0

(−1)n−j
(
n
j

)
2j − n

cos(n− 2j)x

+ C

=

�
�

�
�

(−1)(n+1)/2

2n−1

(n−1)/2∑
j=0

(−1)j
(
n
j

)
n− 2j

cos(n− 2j)x

+ C ,

where the third identity is achieved as above via the transformation k = n− j
with

(n+ 1)/2 ≤ j ≤ n.

(1) To calculate a primitive of (cosx)n we again use the standard identity that

cosx = sin(π2 − x), and so∫
(cosx)ndx = −

∫
(sinu)ndu,

where u = π
2 − x. Now
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sin(n− 2j)u = sin
(
(n− 2j)(

π

2
− x)

)
= sin

(
(
n

2
− j)π − (n− 2j)x

)
= −(−1)(n/2)−j sin(n− 2j)x if n is even

cos(n− 2j)u = cos
(
(n− 2j)(

π

2
− x)

)
= cos

(
(
n

2
− j)π − (n− 2j)x

)
= (−1)((n−1)/2)−j sin(n− 2j)x if n is odd.

Thus, if n is even,∫
(cosx)ndx =

1

2n−1

(n/2)−1∑
j=0

(
n
j

)
n− 2j

sin(n− 2j)x+
1

2n

(
n

n/2

)
x+ C∗,

and if n is odd,∫
(cosx)ndx =

1

2n−1

(n−1)/2∑
j=0

(
n
j

)
n− 2j

sin(n− 2j)x+ C∗. □

3. Integrals of powers of the tangent function

Astonishingly, the calculation of a primitive of (tanx)n is simpler than in the

previous case of (sinx)n. We present some rarely viewed formulas here.

Proposition 3.1. The following assertions hold for n ∈ N∗ :

(1) Let Pn be the primitive of (tanx)n on ]−π/2, π/2[ vanishing at the origin. Then

P2n+1(x) = (−1)n+1 log cosx+

n∑
j=1

(−1)n−j 1

2j
(tanx)2j ,

P2n(x) = (−1)nx +

n∑
j=1

(−1)n−j 1

2j − 1
(tanx)2j−1.

(2) The de�nite integrals may be evaluated as follows (where for m = 1 only the

last summand appears):∫ π/4

0

(tanx)m dx =

=


1

m− 1
− 1

m− 3
+

1

m− 5
+ · · ·+ (−1)

m−3
2

1

2
+ (−1)

m−1
2

log 2

2
if m is odd

1

m− 1
− 1

m− 3
+

1

m− 5
+ · · ·+ (−1)

m−2
2 + (−1)

m
2
π

4
if m is even.
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